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To the Student

Let me tell you a bit about myself.
i always knew exactly what i wanted to do. it just never 

worked out that way.
When i was seven years old, my grandfather gave me 

a book about astronomy. Growing up in the Netherlands 
i became fascinated by the structure of the solar system, 
the Milky Way, the universe. i remember struggling with 
the concept of infinite space and asking endless questions 
without getting satisfactory answers. i developed an early 
passion for space and space exploration. i knew i was going 
to be an astronomer. in high school i was good at physics, 
but when i entered university and had to choose a major, 
i chose astronomy.

it took only a few months for my romance with the heav-
ens to unravel. instead of teaching me about the mysteries 
and structure of the universe, astronomy had been reduced 
to a mind-numbing web of facts, from declinations and 
right ascensions to semi-major axes and eccentricities. Dis-
illusioned about astronomy, i switched majors to physics. 
Physics initially turned out to be no better than astronomy, 
and i struggled to remain engaged. i managed to make it 
through my courses, often by rote memorization, but the 
beauty of science eluded me.

it wasn’t until doing research in graduate school that i re-
discovered the beauty of science. i knew one thing for sure, 
though: i was never going to be an academic. i was going 
to do something useful in my life. Just before obtaining my 
doctorate, i lined up my dream job working on the develop-
ment of the compact disc, but i decided to spend one year 
doing postdoctoral research first.

it was a long year. After my postdoc, i accepted a junior 
faculty position and started teaching. That’s when i discov-
ered that the combination of doing research—uncovering 
the mysteries of the universe—and teaching—helping 

others to see the beauty of the universe—is a wonderful 
combination.

When i started teaching, i did what all teachers did at the 
time: lecture. it took almost a decade to discover that my 
award-winning lecturing did for my students exactly what 
the courses i took in college had done for me: it turned the 
subject that i was teaching into a collection of facts that my 
students memorized by rote. instead of transmitting the 
beauty of my field, i was essentially regurgitating facts to 
my students.

When i discovered that my students were not master-
ing even the most basic principles, i decided to completely 
change my approach to teaching. instead of lecturing, i 
asked students to read my lecture notes at home, and then, 
in class, i taught by questioning—by asking my students to 
reflect on concepts, discuss in pairs, and experience their 
own “aha!” moments.

Over the course of more than twenty years, the lecture 
notes have evolved into this book. consider this book to be 
my best possible “lecturing” to you. But instead of listening 
to me without having the opportunity to reflect and think, 
this book will permit you to pause and think; to hopefully 
experience many “aha!” moments on your own.

i hope this book will help you develop the thinking skills 
that will make you successful in your career. And remem-
ber: your future may be—and likely will be—very different 
from what you imagine.

i welcome any feedback you have. Feel free to send me 
email or tweets.

i wrote this book for you.
Eric Mazur 

@eric_mazur 
mazur@harvard.edu 

cambridge, MA
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Setting a new standard
The tenacity of the standard approach in textbooks can be 
attributed to a combination of inertia and familiarity. Teach-
ing large introductory courses is a major chore, and once a 
course is developed, changing it is not easy. Furthermore, 
the standard texts worked for us, so it’s natural to feel that 
they should work for our students, too.

The fallacy in the latter line of reasoning is now well-
known thanks to education research. Very few of our stu-
dents are like us at all. Most take physics because they are 
required to do so; many will take no physics beyond the 
introductory course. Physics education research makes it 
clear that the standard approach fails these students.

Because of pressure on physics departments to deliver 
better education to non-majors, changes are occurring in 
the way physics is taught. These changes, in turn, create a 
need for a textbook that embodies a new educational phi-
losophy in both format and presentation.

Organization of this book
As i considered the best way to convey the conceptual 
 framework of mechanics, it became clear that the standard 
curriculum truly deserved to be rethought. For example, stan-
dard texts are forced to redefine certain concepts more than 
once—a strategy that we know befuddles students.  (Examples 
are work, the standard definition of which is  incompatible 
with the first law of thermodynamics, and  energy, which is 
redefined when modern physics is discussed.)

Another point that has always bothered me is the arbi-
trary division between “modern” and “classical” physics. 
in most texts, the first thirty-odd chapters present physics 
essentially as it was known at the end of the 19th century; 
“modern physics” gets tacked on at the end. There’s no need 
for this separation. Our goal should be to explain physics in 
the way that works best for students, using our full contem-
porary understanding. All physics is modern!

That is why my table of contents departs from the “standard 
organization” in the following specific ways.

Emphasis on conservation laws. As mentioned earlier, this 
book introduces the conservation laws early and treats them 
the way they should be: as the backbone of physics. The ad-
vantages of this shift are many. First, it avoids many of the 
standard pitfalls related to the concept of force, and it leads 
naturally to the two-body character of forces and the laws 
of motion. second, the conservation laws enable students 
to solve a wide variety of problems without any calculus. 
indeed, for complex systems, the conservation laws are often 
the natural (or only) way to solve problems. Third, the book 
deduces the conservation laws from observations, helping 
to make clear their connection with the world around us.

To the Instructor

They say that the person who teaches is the one who 
learns the most in the classroom. indeed, teaching led me 
to many unexpected insights. so, also, with the writing 
of this book, which has been a formidably exciting intel-
lectual journey.

Why write a new physics text?
in May 1993 i was driving to Troy, Ny, to speak at a meeting 
held in honor of Robert Resnick’s retirement. in the car with 
me was a dear friend and colleague, Albert Altman, professor 
at the University of Massachusetts, Lowell. he asked me if i 
was familiar with the approach to physics taken by Ernst Mach 
in his popular lectures. i wasn’t. Mach treats conservation of 
momentum before discussing the laws of motion, and his for-
mulation of mechanics had a profound influence on Einstein.

The idea of using conservation principles derived from 
experimental observations as the basis for a text—rather 
than Newton’s laws and the concept of force—appealed to 
me immediately. After all, most physicists never use the 
concept of force because it relates only to mechanics. it has 
no role in quantum physics, for example. The conservation 
principles, however, hold throughout all of physics. in that 
sense they are much more fundamental than Newton’s laws. 
Furthermore, conservation principles involve only algebra, 
whereas Newton’s second law is a differential equation.

it occurred to me, however, that Mach’s approach could be 
taken further. Wouldn’t it be nice to start with conservation of 
both momentum and energy, and only later bring in the con-
cept of force? After all, physics education research has shown 
that the concept of force is fraught with pitfalls. What’s more, 
after tediously deriving many results using kinematics and 
dynamics, most physics textbooks show that you can derive 
the same results from conservation principles in just one or 
two lines. Why not do it the easy way first?

it took me many years to reorganize introductory phys-
ics around the conservation principles, but the resulting ap-
proach is one that is much more unified and modern—the 
conservation principles are the theme that runs throughout 
this entire book.

Additional motives for writing this text came from my own 
teaching. Most textbooks focus on the acquisition of infor-
mation and on the development of procedural knowledge. 
This focus comes at the expense of conceptual understand-
ing or the ability to transfer knowledge to a new context. As 
explained below, i have structured this text to redress that 
balance. i also have drawn deeply on the results of physics 
education research, including that of my own research group.

i have written this text to be accessible and easy for stu-
dents to understand. My hope is that it can take on the 
burden of basic teaching, freeing class time for synthesis, 
discussion, and problem solving.
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i and several other instructors have tested this approach 
extensively in our classes and found markedly improved 
performance on problems involving momentum and energy, 
with large gains on assessment instruments like the Force 
concept inventory.

Early emphasis on the concept of system. Fundamental to 
most physical models is the separation of a system from its 
environment. This separation is so basic that physicists tend 
to carry it out unconsciously, and traditional texts largely 
gloss over it. This text introduces the concept in the context 
of conservation principles and uses it consistently.

Postponement of vectors. Most introductory physics con-
cerns phenomena that take place along one dimension. Prob-
lems that involve more than one dimension can be broken 
down into one-dimensional problems using vectorial nota-
tion. so a solid understanding of physics in one dimension is 
of fundamental importance. however, by introducing vectors 
in more than one dimension from the start, standard texts 
distract the student from the basic concepts of kinematics.

in this book, i develop the complete framework of me-
chanics for motions and interactions in one dimension. i 
introduce the second dimension when it is needed, starting 
with rotational motion. hence, students are free to concen-
trate on the actual physics.

Just-in-time introduction of concepts. Wherever possible, 
i introduce concepts only when they are necessary. This ap-
proach allows students to put ideas into immediate practice, 
leading to better assimilation.

Integration of modern physics. A survey of syllabi shows 
that less than half the calculus-based courses in the United 
states cover modern physics. i have therefore integrated se-
lected “modern” topics throughout the text. For example, spe-
cial relativity is covered in chapter 14, at the end of mechanics. 
chapter 32, Electronics, includes sections on semiconductors 
and semiconductor devices. chapter 34, Wave and Particle 
Optics, contains sections on quantization and photons.

Modularity. i have written the book in a modular fashion 
so it can accommodate a variety of curricula (see Table 1, 
“scheduling matrix”). 

The book contains two major parts, Mechanics and Elec-
tricity and Magnetism, plus five shorter parts. The two major 

parts by themselves can support an in-depth two-semester 
or three-quarter course that presents a  complete picture of 
physics embodying the fundamental ideas of modern phys-
ics. Additional parts can be added for a longer or faster-paced 
course. The five shorter parts are more or less self-contained, 
although they do build on previous material, so their place-
ment is flexible. Within each part or chapter, more advanced 
or difficult material is placed at the end.

Pedagogy
This text draws on many models and techniques derived 
from my own teaching and from physics education research. 
The following are major themes that i have incorporated 
throughout.

Separation of conceptual and mathematical frameworks. 
Each chapter is divided into two parts: concepts and Quan-
titative Tools. The first part, concepts, develops the full 
 conceptual framework of the topic and addresses many of 
the common questions students have. it concentrates on the 
 underlying ideas and paints the big picture, whenever possible 
without equations. The second part of the  chapter, Quantita-
tive Tools, then develops the mathematical framework.

Deductive approach; focus on ideas before names and 
equations. To the extent possible, this text develops argu-
ments deductively, starting from observations, rather than 
stating principles and then “deriving” them. This approach 
makes the material easier to assimilate for students. in the 
same vein, this text introduces and explains each idea before 
giving it a formal name or mathematical definition.

Stronger connection to experiment and experience.  
Physics stems from observations, and this text is structured so 
that it can do the same. As much as possible, i develop the ma-
terial from experimental observations (and preferably those 
that students can make) rather than assertions. Most chap-
ters use actual data in developing ideas, and new notions are 
 always introduced by going from the specific to the general— 
whenever possible by interpreting everyday examples.

By contrast, standard texts often introduce laws in their 
most general form and then show that these laws are 
consistent with specific (and often highly idealized) cases. 
consequently the world of physics and the “real” world 
remain two different things in the minds of students.

Table 1 Scheduling matrix

   Chapters that can be omitted  
Topic Chapters Can be inserted after chapter… without affecting continuity

Mechanics 1–14   6, 13–14
Waves 15–17 12 16–17
Fluids 18 9  
Thermal Physics 19–21 10 21
Electricity & Magnetism 22–30 12 (but 17 is needed for 29–30) 29–30
circuits 31–32 26 (but 30 is needed for 32)   32
Optics 33–34 17 34
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Addressing physical complications. i also strongly oppose 
presenting unnatural situations; real life complications must 
always be confronted head-on. For example, the use of un-
physical words like frictionless or massless sends a message 
to the students that physics is unrealistic or, worse, that the 
world of physics and the real world are unrelated entities. 
This can easily be avoided by pointing out that friction or 
mass may be neglected under certain circumstances and 
pointing out why this may be done.

Engaging the student. Education is more than just transfer 
of information. Engaging the student’s mind so the infor-
mation can be assimilated is essential. To this end, the text 
is written as a dialog between author and reader (often in-
voking the reader—you—in examples) and is punctuated by 
checkpoints—questions that require the reader to stop and 
think. The text following a checkpoint often refers directly 
to its conclusions. students will find complete solutions to 
all the checkpoints at the back of the book; these solutions 
are written to emphasize physical reasoning and discovery.

Visualization. Visual representations are central to physics, 
so i developed each chapter by designing the figures before 
writing the text. Many figures use multiple representations 
to help students make connections (for example, a sketch 
may be combined with a graph and a bar diagram). Also, in 
accordance with research, the illustration style is spare and 
simple, putting the emphasis on the ideas and relationships 
rather than on irrelevant details. The figures do not use per-
spective unless it is needed, for instance.

Structure of this text
Division into Principles and Practice volumes

i’ve divided this text into a Principles volume, which teaches 
the physics, and a Practice volume, which puts the phys-
ics into practice and develops problem-solving skills. This 
 division helps address two separate intellectually demand-
ing tasks:  understanding the physics and learning to solve 
problems. When these two tasks are mixed together, as 
they are in standard texts, students are easily overwhelmed. 
consequently many students focus disproportionately on 
worked examples and procedural knowledge, at the expense 
of the physics.

Structure of Principles chapters

As pointed out earlier, each Principles chapter is divided 
into two parts. The first part (concepts) develops the con-
ceptual framework in an accessible way, relying primarily 
on qualitative descriptions and illustrations. in addition to 
including checkpoints, each concepts section ends with a 
one-page self-quiz consisting of qualitative questions.

The second part of each chapter (Quantitative Tools) for-
malizes the ideas developed in the first part in mathematical 
terms. While concise, it is relatively traditional in nature—
teachers should be able to continue to use material devel-
oped for earlier courses. To avoid creating the impression 

that equations are more important than the concepts behind 
them, no equations are highlighted or boxed.

Both parts of the Principles chapters contain worked ex-
amples to help students develop problem-solving skills.

Structure of the Practice chapters

This volume contains material to put into practice the 
concepts and principles developed in the corresponding 
chapters in the Principles volume. Each chapter contains 
the following sections:

1. Chapter Summary. This section provides a brief tabular 
summary of the material presented in the corresponding 
Principles chapter.

2. Review Questions. The goal of this section is to allow stu-
dents to quickly review the corresponding Principles chap-
ter. The questions are straightforward one-liners starting 
with “what” and “how” (rather than “why” or “what if ”).

3. Developing a Feel. The goals of this section are to  develop 
a quantitative feel for the quantities introduced in the 
 chapter; to connect the subject of the chapter to the 
real world; to train students in making estimates and 
 assumptions; to bolster students’ confidence in dealing 
with unfamiliar material. it can be used for self-study or 
for a homework or recitation assignment. This section, 
which has no equivalent in existing books, combines a 
number of ideas  (specifically, Fermi problems and tutor-
ing in the style of the Princeton Learning Guide). The idea 
is to start with simple estimation problems and then build 
up to Fermi problems (in early chapters Fermi problems 
are hard to compose because few concepts have been 
 introduced). Because students initially find these questions 
hard, the section provides many hints, which take the form 
of  questions. A key then provides answers to these “hints.”

4. Worked and Guided Problems. This section contains 
complex worked examples whose primary goal is to 
teach problem solving. The Worked Problems are fully 
solved; the Guided Problems have a list of questions and 
suggestions to help the student think about how to solve 
the problem. Typically, each Worked Problem is followed 
by a related Guided Problem.

5. Questions and Problems. This is the chapter’s problem set. 
The problems 1) offer a range of levels, 2) include prob-
lems relating to client disciplines (life sciences, engineer-
ing, chemistry, astronomy, etc.), 3) use the second person 
as much as possible to draw in the student, and 4) do not 
spoon-feed the students with information and unnecessary 
diagrams. The problems are classified into three levels as 
follows: (⦁) application of single concept; numerical plug-
and-chug; (⦁⦁) nonobvious application of single concept 
or application of multiple concepts from current chapter; 
straightforward numerical or algebraic computation; (⦁⦁⦁) 
application of multiple concepts, possibly spanning mul-
tiple chapters. context-rich problems are designated CR.

As i was developing and class-testing this book, my 
 students provided extensive feedback. i have endeavored to 
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•	 Hints (declarative	 and	 Socratic)	 can	 provide	 problem-
solving	strategies	or	break	the	main	problem	into	simpler	
exercises.

•	 Feedback lets	 the	 student	 know	precisely	what	miscon-
ception	or	misunderstanding	is	evident	from	their	answer	
and	offers	ideas	to	consider	when	attempting	the	problem	
again.

Learning Catalytics™	 is	 a	 “bring	your	own	device”	 stu-
dent	 engagement,	 assessment,	 and	 classroom	 intelligence	
system	 available	 within	MasteringPhysics.	With	 Learning	
Catalytics	you	can:

•	 Assess	students	in	real	time,	using	open-ended	tasks	to	
probe	student	understanding.

•	 Understand	 immediately	 where	 students	 are	 and	 adjust	
your	lecture	accordingly.

•	 Improve	your	students’	critical-thinking	skills.
•	 Access	rich	analytics	to	understand	student	performance.
•	 Add	your	own	questions	to	make	Learning	Catalytics	fit	

your	course	exactly.
•	 Manage	student	interactions	with	intelligent	grouping	and	

timing.

The	Test Bank	 (ISBN	978-0-130-64688-0/0-130-64688-1)		
contains	 more	 than	 2000	 high-quality	 problems,	 with	 a	
range	 of	 multiple-choice,	 true-false,	 short-answer,	 and	
conceptual	questions	correlated	to	Principles & Practice of 
 Physics	 chapters.	 Test	 files	 are	 provided	 in	 both	TestGen®	
and	Microsoft®	Word	for	Mac	and	PC.	

Instructor supplements are available on the Instructor  
Resource DVD, the Instructor Resource Center at www. 
pearsonhighered.com/irc, and in the Instructor Resource area 
at www.masteringphysics.com.

Student supplements 
MasteringPhysics (www.masteringphysics.com)	 is	 de-
signed	 to	provide	 students	with	customized	coaching	and	
individualized	 feedback	 to	 help	 improve	 problem-solving	
skills.	 Students	 complete	 homework	 efficiently	 and	 effec-
tively	with	tutorials	that	provide	targeted	help.

Interactive eText allows	 you	 to	highlight	 text,	 add	your	
own	study	notes,	and	review	your	instructor’s	personalized	
notes,	24/7.	The	eText	is	available	through	MasteringPhysics,	
www.masteringphysics.com.
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incorporate	all	of	their	feedback	to	make	the	book	as	useful	
as	possible	 for	 future	generations	of	students.	 In	addition,	
the	book	was	class-tested	at	a	large	number	of	institutions,	
and	many	of	these	institutions	have	reported	significant	in-
creases	in	learning	gains	after	switching	to	this	manuscript.	
I	am	confident	the	book	will	help	increase	the	learning	gains	
in	your	class	as	well.	It	will	help	you,	as	the	instructor,	coach	
your	students	to	be	the	best	they	can	be.

Instructor supplements 
The	 Instructor Resource DVD	 (ISBN	 978-0-321-56175-
6/0-321-56175-9)	includes	an	Image	Library,	the	Procedure	
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2 Chapter 1  Foundations

the outcome of some related natural occurrence (how a 
similarly shaped mountain near the erupting volcano will 
behave) or related laboratory experiment (what happens 
when a book and a sheet of paper are dropped at the same 
time). If the predictions prove inaccurate, the hypothesis 
must be modified. If the predictions prove accurate in test 
after test, the hypothesis is elevated to the status of either a 
law or a theory.

A law tells us what happens under certain circumstances. 
Laws are usually expressed in the form of relationships 
between observable quantities. A theory tells us why some-
thing happens and explains phenomena in terms of more 
basic processes and relationships. A scientific theory is 
not a mere conjecture or speculation. It is a thoroughly 
tested explanation of a natural phenomenon, one that 
is capable of making predictions that can be verified by 
experiment. The constant testing and retesting are what 
make the scientific method such a powerful tool for inves-
tigating the universe: The results obtained must be repeat-
able and verifiable by others.

exercise 1.1 Hypothesis or not?

Which of the following statements are hypotheses? (a) Heavier 
objects fall to Earth faster than lighter ones. (b) The planet 
Mars is inhabited by invisible beings that are able to elude any 
type of observation. (c) Distant planets harbor forms of life. 
(d) Handling toads causes warts.

Solution (a), (c), and (d). A hypothesis must be experimentally 
verifiable. (a) I can verify this statement by dropping a heavy 
object and a lighter one at the same instant and observing which 
one hits the ground first. (b) This statement asserts that the 
beings on Mars cannot be observed, which precludes any ex-
perimental verification and means this statement is not a valid 
hypothesis. (c) Although we humans currently have no means 
of exploring or closely observing distant planets, the statement 
is in principle testable. (d) Even though we know this statement 
is false, it is verifiable and therefore is a hypothesis.

Because of the constant reevaluation demanded by the 
scientific method, science is not a stale collection of facts 
but rather a living and changing body of knowledge. More 
important, any theory or law always remains tentative, and 
the testing never ends. In other words, it is not possible to 

 Chances are you are taking this course in physics 
because someone told you to take it, and it may 
not be clear to you why you should be taking it. One 

good reason for taking a physics course is that, first and 
foremost, physics provides a fundamental understanding 
of the world. Furthermore, whether you are majoring in 
psychology, engineering, biology, physics, or something 
else, this course offers you an opportunity to sharpen your 
reasoning skills. Knowing physics means becoming a better 
problem solver (and I mean real problems, not textbook 
problems that have already been solved), and becoming 
a better problem solver is empowering: It allows you to 
step into unknown territory with more confidence. Before 
we embark on this exciting journey, let’s map out the ter-
ritory we are going to explore so that you know where we 
are going.

1.1 the scientific method
Physics, from the Greek word for “nature,” is commonly de-
fined as the study of matter and motion. Physics is about 
discovering the wonderfully simple unifying patterns that 
underlie absolutely everything that happens around us, from 
the scale of subatomic particles, to the microscopic world of 
DNA molecules and cells, to the cosmic scale of stars, gal-
axies, and planets. Physics deals with atoms and molecules; 
gases, solids, and liquids; everyday objects, and black holes. 
Physics explores motion, light, and sound; the creation and 
annihilation of matter; evaporation and melting; electric-
ity and magnetism. Physics is all around you: in the Sun 
that provides your daylight, in the structure of your bones, 
in your computer, in the motion of a ball you throw. In a 
sense, then, physics is the study of all there is in the uni-
verse. Indeed, biology, engineering, chemistry, astronomy, 
geology, and so many other disciplines you might name all 
use the principles of physics.

The many remarkable scientific accomplishments of 
ancient civilizations that survive to this day testify to the 
fact that curiosity about the world is part of human na-
ture. Physics evolved from natural philosophy—a body of 
knowledge accumulated in ancient times in an attempt to 
explain the behavior of the universe through philosophi-
cal speculation—and became a distinct discipline during 
the scientific revolution that began in the 16th century. 
One of the main changes that occurred in that century 
was the development of the scientific method, an iterative 
process for going from observations to validated theories.

In its simplest form, the scientific method works as follows 
(Figure 1.1): A researcher makes a number of observations 
concerning either something happening in the natural world 
(a volcano erupting, for instance) or something happening 
during a laboratory experiment (a dropped brick and a 
dropped Styrofoam peanut travel to the floor at different 
speeds). These observations then lead the researcher to for-
mulate a hypothesis, which is a tentative explanation of the 
observed phenomenon. The hypothesis is used to predict 

Figure 1.1 The scientific method is an iterative process in which a hy-
pothesis, which is inferred from observations, is used to make a prediction, 
which is then tested by making new observations.

test

observations

induce

hypothesisprediction

deduce
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 1.1 the sCientiFiC method 3

with recognizing patterns in a series of observations. Some-
times these observations are direct, but sometimes we must 
settle for indirect observations. (We cannot directly observe 
the nucleus of an atom, for instance, but a physicist can 
describe the structure of the nucleus and its behavior with 
great certainty and accuracy.) As Figure 1.2 indicates, the 
patterns that emerge from our observations must often be 
combined with simplifying assumptions to build a model. 
The combination of model and assumptions is what consti-
tutes a hypothesis.

It may seem like a shaky proposition to build a hypothesis 
on assumptions that are accepted without proof, but making 
these assumptions—consciously—is a crucial step in making 
sense of the universe. All that is required is that, when for-
mulating a hypothesis, we must be aware of these assump-
tions and be ready to revise or drop them if the predictions 
of our hypothesis are not validated. We should, in partic-
ular, watch out for what are called hidden assumptions— 
assumptions we make without being aware of them. As an 
example, try answering the following question. (Turn to the 
final section of the Principles volume, “Solutions to check-
points,” for the answer.)

1.1 I have two coins in my pocket, together worth 30 cents. 
If one of them is not a nickel, what coins are they?

Advertising agencies and magicians are masters at mak-
ing us fall into the trap of hidden assumptions. Imagine a 
radio commercial for a new drug in which someone says, 
“Baroxan lowered my blood pressure tremendously.” If you 
think that sounds good, you have made a number of as-
sumptions without being aware of them—in other words, 
hidden assumptions. Who says, for instance, that lower-
ing blood pressure “tremendously” is a good thing (dead 
people have tremendously low blood pressure) or that the 
speaker’s blood pressure was too high to begin with?

Magic, too, involves hidden assumptions. The trick in 
some magic acts is to make you assume that something hap-
pens, often by planting a false assumption in your mind. A 
magician might ask, “How did I move the ball from here to 
there?” while in reality he is using two balls. I won’t know-
ingly put false assumptions into your mind in this book, but 
on occasion you and I (or you and your instructor) may un-
knowingly make different assumptions during a given dis-
cussion, a situation that unavoidably leads to confusion and 
misunderstanding. Therefore it is important that we care-
fully analyze our thinking and watch for the assumptions 
that we build into our models.

If the prediction of a hypothesis fails to agree with ob-
servations made to test the hypothesis, there are several 
ways to address the discrepancy. One way is to rerun the 
test to see if it is reproducible. If the test keeps producing 
the same result, it becomes necessary to revise the hypoth-
esis, rethink the assumptions that went into it, or reexamine 
the original observations that led to the hypothesis.

prove any scientific theory or law to be absolutely true (or 
even absolutely false). Thus the material you will learn in 
this book does not represent some “ultimate truth”—it is 
true only to the extent that it has not been proved wrong.

A case in point is classical mechanics, a theory developed 
in the 17th century to describe the motion of everyday ob-
jects (and the subject of most of this book). Although this 
theory produces accurate results for most everyday phe-
nomena, from balls thrown in the air to satellites orbiting 
Earth, observations made during the last hundred years 
have revealed that under certain circumstances, significant 
deviations from this theory occur. It is now clear that classi-
cal mechanics is applicable for only a limited (albeit impor-
tant) range of phenomena, and new branches of physics— 
quantum mechanics and the theory of special relativity 
among them—are needed to describe the phenomena that 
fall outside the range of classical mechanics.

The formulation of a hypothesis almost always involves 
developing a model, which is a simplified conceptual 
representation of some phenomenon. You don’t have to 
be trained as a scientist to develop models. Everyone de-
velops mental models of how people behave, how events 
unfold, and how things work. Without such models, we 
would not be able to understand our experiences, decide 
what actions to take, or handle unexpected experiences. 
Examples of models we use in everyday life are that door 
handles and door hinges are on opposite sides of doors 
and that the + button on a TV remote increases the vol-
ume or the channel number. In everyday life, we base our 
models on whatever knowledge we have, real or imagined, 
complete or incomplete. In science we must build models 
based on careful observation and determine ways to fill in 
any missing information.

Let’s look at the iterative process of developing models 
and hypotheses in physics, with an eye toward determining 
what skills are needed and what pitfalls are to be avoided 
(Figure 1.2). Developing a scientific hypothesis often begins 

Figure 1.2 Iterative process for developing a scientific hypothesis.
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4 Chapter 1  Foundations

is more time-consuming, and sometimes you may wonder 
why I’m not just telling you the final outcome. The reason 
is that discovery and refinement are at the heart of doing 
physics!

1.3 After reading this section, reflect on your goals for 
this course. Write down what you would like to accomplish and 
why you would like to accomplish this. Once you have done 
that, turn to the final section of the Principles volume, “Solu-
tions to checkpoints,” and compare what you have written with 
what I wrote.

1.2 symmetry
One of the basic requirements of any law of the universe 
involves what physicists call symmetry, a concept often as-
sociated with order, beauty, and harmony. We can define 
symmetry as follows: An object exhibits symmetry when 
certain operations can be performed on it without changing 
its appearance. Consider the equilateral triangle in Figure 1.4a. 
If you close your eyes and someone rotates the triangle by 
120° while you have your eyes closed, the triangle appears 

exercise 1.2 Dead music player

A battery-operated portable music player fails to play when it 
is turned on. Develop a hypothesis explaining why it fails to 
play, and then make a prediction that permits you to test your  
hypothesis. Describe two possible outcomes of the test and 
what you conclude from the outcomes. (Think before you peek 
at the answer below.)

Solution There are many reasons the player might not turn on. 
Here is one example. Hypothesis: The batteries are dead. Predic-
tion: If I replace the batteries with new ones, the player should 
work. Possible outcomes: (1) The player works once the new 
batteries are installed, which means the hypothesis is supported; 
(2) the player doesn’t work after the new batteries are installed, 
which means the hypothesis is not supported and must be either 
modified or discarded.

1.2 In Exercise 1.2, each of the conclusions drawn from 
the two possible outcomes contains a hidden assumption. What 
are the hidden assumptions?

The development of a scientific hypothesis is often 
more complicated than suggested by Figures 1.1 and 1.2. 
Hypotheses do not always start with observations; some 
are developed from incomplete information, vague ideas, 
assumptions, or even complete guesses. The refining pro-
cess also has its limits. Each refinement adds complex-
ity, and at some point the complexity outweighs the benefit 
of the increased accuracy. Because we like to think that the 
universe has an underlying simplicity, it might be better to 
scrap the hypothesis and start anew.

Figure 1.2 gives an idea of the skills that are useful in 
doing science: interpreting observations, recognizing pat-
terns, making and recognizing assumptions, thinking logi-
cally, developing models, and using models to make predic-
tions. It should not come as any surprise to you that many 
of these skills are useful in just about any context. Learning 
physics allows you to sharpen these skills in a very rigorous 
way. So, whether you become a financial analyst, a doctor, 
an engineer, or a research scientist (to name just a few pos-
sibilities), there is a good reason to take physics.

Figure 1.1 also shows that doing science—and physics 
in particular—involves two types of reasoning: inductive, 
which is arguing from the specific to the general, and deduc-
tive, arguing from the general to the specific. The most cre-
ative part of doing physics involves inductive reasoning, 
and this fact sheds light on how you might want to learn  
physics. One way, which is neither very useful nor very sat-
isfying, is for me to simply tell you all the general princi-
ples physicists presently agree on and then for you to apply 
those principles in examples and exercises (Figure 1.3a). 
This approach involves deductive reasoning only and robs 
you of the opportunity to learn the skill that is the most 
likely to benefit your career: discovering underlying pat-
terns. Another way is for me to present you with data and 
observations and make you part of the discovery and refine-
ment of the physics principles (Figure 1.3b). This approach 

Figure 1.3 

principles examples, exercises

observations, data

(a) Learning science by applying established principles

(b) Learning science by discovering those principles
for yourself before applying them

apply to

discover
re�ne

principles

Figure 1.4 

120°

(a) Rotational symmetry: Rotating an equilateral triangle by 120°
doesn’t change how it looks

(b) Re�ection symmetry: Across each re�ection axis (labeled R),
two sides of the triangle are mirror images of each other

Rotation about rotation axisRotation axis

Re�ection axis Re�ection across 
re�ection axis

R

R

R
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studying must therefore mathematically exhibit symmetry 
under translation in time; in other words, the mathematical 
expression of these laws must be independent of time.

exercise 1.3 Change is no change

Figure 1.6 shows a snowflake. Does the snowflake have rota-
tional symmetry? If yes, describe the ways in which the flake can 
be rotated without changing its appearance. Does it have reflec-
tion symmetry? If yes, describe the ways in which the flake 
can be split in two so that one half is the mirror image of the 
other.

the same when you open your eyes, and you can’t tell that 
it has been rotated. The triangle is said to have rotational 
symmetry, one of several types of geometrical symmetry.

Another common type of geometrical symmetry, reflec-
tion symmetry, occurs when one half of an object is the 
mirror image of the other half. The equilateral triangle in 
Figure 1.4 possesses reflection symmetry about the three 
axes shown in Figure 1.4b. If you imagine folding the trian-
gle in half over each axis, you can see that the two halves are 
identical. Reflection symmetry occurs all around us: in the 
arrangement of atoms in crystals (Figure 1.5a and b) and in 
the anatomy of most life forms (Figure 1.5c), to name just 
two examples.

The ideas of symmetry—that something appears un-
changed under certain operations—apply not only to the 
shape of objects but also to the more abstract realm of 
physics. If there are things we can do to an experiment that 
leave the result of the experiment unchanged, then the phe-
nomenon tested by the experiment is said to possess cer-
tain symmetries. Suppose we build an apparatus, carry out 
a certain measurement in a certain location, then move the 
apparatus to another location, repeat the measurement, and 
get the same result in both locations.* By moving the appara-
tus to a new location (translating it) and obtaining the same 
result, we have shown that the observed phenomenon has 
translational symmetry. Any physical law that describes this 
phenomenon must therefore mathematically exhibit transla-
tional symmetry; that is, the mathematical expression of this 
law must be independent of the location.

Likewise, we expect any measurements we make with 
our apparatus to be the same at a later time as at an earlier 
time; that is, translation in time has no effect on the mea-
surements. The laws describing the phenomenon we are 

Figure 1.5 The symmetrical arrangement of atoms in a salt crystal gives these crystals their cubic shape.

(b) Symmetrical arrangement 
of atoms in a salt crystal

(c) Da Vinci’s Vitruvian Man 
shows the re�ection symmetry 
of the human body

(a) Micrograph of salt crystals

Na

Cl

*In moving our apparatus, we must take care to move any relevant external 
influences along with it. For example, if Earth’s gravity is of importance, 
then moving the apparatus to a location in space far from Earth does not 
yield the same result.

Figure 1.6 Exercise 1.3.

Solution I can rotate the snowflake by 60° or a multiple of 60° 
(120°, 180°, 240°, 300°, and 360°) in the plane of the photograph 
without changing its appearance (Figure 1.7a). It therefore has 
rotational symmetry.

I can also fold the flake in half along any of the three 
blue axes and along any of the three red axes in Figure 1.7b. 
The flake therefore has reflection symmetry about all six of 
these axes.

Figure 1.7 

60°

(a) Rotational symmetry (b) Re�ection symmetry

R

R R

R

R

R
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Figure 1.14 

(a) (b) (c) (d)

self-quiz

1. Two children in a playground swing on two swings of unequal length. The child on the shorter 
swing is considerably heavier than the child on the longer swing. You observe that the longer 
swing swings more slowly. Formulate a hypothesis that could explain your observation. How could 
you test your hypothesis?

2. What symmetries do you observe in the quilt patterns of Figure 1.14?

Figure 1.15 

3. Give the order of magnitude of these quantities in meters or seconds: (a) length of a football field, 
(b) height of a mature tree, (c) one week, (d) one year.

4. Starting from the first floor, an elevator stops at floors 5, 2, 4, 3, 6, and 4 before returning to the 
first floor. (a) Represent this motion visually. (b) If the distance between the first and sixth floors 
is 15 m, what is the total distance traveled by the elevator?

Answers
1. One hypothesis is that longer swings swing more slowly than shorter swings. You can test this hypothesis by 

adjusting the length of either swing until the two lengths are the same and then asking the children to remount 
their respective swings and swing again. If the originally longer swing is still the slower one, your hypothesis 
is not correct. If the two swings now have the same speed, your hypothesis is correct. Another hypothesis is 
that heavier children swing faster than lighter ones. You can test this hypothesis by asking the children to trade 
places. If the longer swing now swings faster than the shorter swing, your hypothesis is correct. If the longer 
swing still swings more slowly, your hypothesis is incorrect.

2. See Figure 1.15. (a) Reflection symmetry about a horizontal line through the center. (b) Rotational symmetry 
by multiples of 90°. (c) Rotational symmetry by 180°. (d) Rotational symmetry by multiples of 90° and reflec-
tion symmetry about a horizontal, vertical, or diagonal line through the center.

3. (a) 100 yards is about 100 m; the order of magnitude is thus 100 m = 102 m. (b) An average mature tree is be-
tween 5 and 20 m tall, for an average of 12 m = 1.2 × 101 m. The coefficient 1.2 rounds to 1, and so the order 
of magnitude is 1 × 101 m = 10 m. (c) 1 week = (1 week)(7 days>week)(24 h>day)(60 min>h)(60 s>min) = 
604,800 s = 6 × 105 s; the coefficient 6 rounds to 10, and so the order of magnitude is 10 × 105 s = 106 s.  
(d) 1 year = 52 weeks = (52 weeks)(604,800 s>week) = 31,449,600 s = 3.1 × 107 s; the coefficient 3.1 rounds 
to 10, and so the order of magnitude is 10 × 107 s = 108 s.

4. (a) See Figure 1.16 for one way to represent the motion. Note that the 
elevator itself is not represented because showing it would add nothing 
we need to the visual information. The only thing we are interested in 
is distances traveled, represented by the vertical lines. (b) If the distance 
between floors 1 and 6 is 15 m, one floor is (15 m)>5 = 3.0 m. From the 
figure, I see that the numbers of floors traveled between successive stops 
are 4, 3, 2, 1, 3, 2, and 3, for a total of 18 floors, or 18(3.0 m) = 54 m.

Figure 1.16 
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1.6 physical quantities and units
Because physics is a quantitative science, statements must be expressed in num-
bers, which requires either measuring or calculating numerical values for physi-
cal quantities. In this section we review some basic rules for dealing with physical 
quantities, which in this book are represented by italic symbols—typically letters 
from the Roman or Greek alphabet, such as t for time and s for electrical con-
ductivity. table 1.1 gives the symbols for some of the physical quantities we use 
throughout the book.

Physical quantities are expressed as the product of a numerical value and a 
unit of measurement. For example, the length / of an object that is 1.2 m long 
can be expressed as / = 1.2 m. The unit system used in science and engineering 
throughout the world and in everyday life in most countries is the Système 
International (International System), and the units are collectively called SI units. 
This system consists of seven base units (table 1.2) from which all other units 
currently in use can be derived. For example, the physical quantity speed, which 
we discuss in Chapter 2, is defined as the distance traveled divided by the time 
interval over which the travel takes place. Thus the SI derived unit of speed is 
meters per second (m>s), the base unit of length divided by the base unit of time. 
A list of SI derived units and their relationship to the seven base units is given in 
Appendix C.

Be careful not to confuse abbreviations for units with symbols for physical 
quantities. Unit abbreviations are printed in roman (upright) type—m for meters, 
for instance—and symbols for physical quantities are printed in italic (slanted) 
type—t for time, say. Also, bear in mind that you can add and subtract quantities 
only if they have the same units; it is meaningless to add, say, 3 m to 4 kg.

To produce multiples of any SI unit and conveniently work with very large or 
very small numbers, we modify the unit name with prefixes representing integer 
powers of ten (table 1.3). For example, a billionth of a second is denoted by 1 ns 
(pronounced “one nanosecond”):

 1 ns = 10-9 s. (1.1)

One thousand meters is denoted by 1 km, “one kilometer.” Prefixes are never 
used without a unit and are never combined into compound prefixes. The unit 
kilogram contains a prefix (kilo-) because it is derived from the non-SI unit gram 
(1 kg = 1000 g). Therefore 10-6 kg never becomes 1 mkg. Instead, the names 
and multiples of the kilogram are constructed by adding the appropriate prefix 
to the word gram and the abbreviation g. For example, 10-6 kg becomes 1 mg, 
“one milligram.”

The standard practice in engineering is to use only the powers of ten that are 
multiples of three.

table 1.2 The seven SI base units

Name of unit Abbreviation Physical quantity

meter m length
kilogram kg mass
second s time
ampere A electric current
kelvin K thermodynamic temperature
mole mol amount of substance
candela cd luminous intensity

table 1.1 Physical quantities and their 
symbols

Physical quantity Symbol

length /
time t
mass m
speed v

volume V
energy E
temperature T
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1.11 Use prefixes from Table 1.3 to remove either all or almost all of the zeros in 
each expression. (a) / = 150,000,000 m, (b) t = 0.000 000 000 012 s, (c) 1200 km>s, 
(d) 2300 kg.

Of the seven SI base units, we have already discussed two, the meter and the 
second. We discuss the base unit for mass, the kilogram, in Chapter 4, the base 
unit for electric current, the ampere, in Chapter 27, and the base unit for tem-
perature, the kelvin, in Chapter 20.

The mole (abbreviated mol) is the SI base unit that measures the quantity 
of a given substance. A mole is currently defined as the number of atoms in 
12 × 10-3 kg of carbon-12, the most common form of carbon. This number is 
called Avogadro’s number NA, after the 19th-century Italian physicist Amedeo 
Avogadro. The currently accepted experimental measurement of Avogadro’s 
 number is

 NA = 6.0221413 × 1023. 

Note that the mole is simply a number: Just as one dozen means 12 of anything 
and one gross means 144 of anything, one mole means 6.022 × 1023 of anything. 
So 1 mol of helium atoms is 6.022 × 1023 helium atoms, and 1 mol of carbon 
dioxide molecules is 6.022 × 1023 carbon dioxide molecules.

The final SI base unit, the candela, measures luminous intensity. One candela  
(1 cd) is roughly the amount of light generated by a single candle; the light emitted by 
a 100-watt light bulb is about 120 cd. The definition of the candela takes into account 
how the human eye perceives the intensity of various colors and is therefore rather 
unwieldy. For this reason we do not use the candela in this book in the chapters 
dealing with light, concentrating instead on the amount of energy carried by light.

An important concept used throughout physics is density, the physical quan-
tity that measures how much of some substance there is in a given volume. 
Depending on the quantity being measured, there are various types of density. 
For example, number density is the number of objects per unit volume. If there 
are N objects in a volume V, then the number density n of these objects is

 n K
N
V

. (1.3)

(The symbol K means that the equality is either a definition or a convention.) 
If the objects in a given volume are packed together more tightly, the number 
density is higher (Figure 1.17). Mass density r (Greek rho) is the amount of 
mass m per unit volume:

 r K
m
V

. (1.4)

table 1.3 SI prefixes

10n Prefix Abbreviation 10n Prefix Abbreviation

100 — —      

103 kilo- k 10-3 milli- m

106 mega- M 10-6 micro- m

109 giga- G 10-9 nano- n

1012 tera- T 10-12 pico- p

1015 peta- P 10-15 femto- f

1018 exa- E 10-18 atto- a

1021 zetta- Z 10-21 zepto- z

1024 yotta- Y 10-24 yocto- y

�e greater the number N of objects in a given
space V, the higher the number density n  =  N>V.
In this case N2  7  N1, so n2  7  n1. 

Same volume V

N1 objects N2 objects

Figure 1.17 Number density.
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exercise 1.6 Helium density

At room temperature and atmospheric pressure, 1 mol of helium gas has a volume of 
24.5 × 10-3 m3. The same amount of liquid helium has a volume of 32.0 × 10-6 m3. 
What are the number and mass densities of (a) the gaseous helium and (b) the liquid 
helium? The mass of one helium atom is 6.647 × 10-27 kg.

Solution (a) I know from Eq. 1.2 that 1 mol of helium contains 6.022 × 1023 atoms, 
and I can use this information in Eq. 1.3 to get the number density:

 n =
6.022 × 1023 atoms

24.5 × 10-3 m3 = 2.46 × 1025 atoms>m3.

For the mass density, I must know the mass of 1 mol of helium atoms, and so I multiply 
the mass of one helium atom by the number of atoms in 1 mol:

 m = (6.647 × 10-27 kg>atom)(6.022 × 1023 atoms>mol)

 = 4.003 × 10-3 kg>mol.

Equation 1.4 then yields

r =
4.003 × 10-3 kg
24.5 × 10-3 m3 = 0.163 kg>m3.

(b) For the liquid helium, the same reasoning gives me

n =
6.022 × 1023 atoms

32.0 × 10-6 m3 = 1.88 × 1028 atoms>m3

r =
4.003 × 10-3 kg
32.0 × 10-6 m3 = 125 kg>m3.

Examples of non-SI units accepted for use along with SI units are the minute 
(1 min = 60 s), the hour (1 h = 3600 s), the liter (1 L = 10-3 m3), and the met-
ric ton (1 t = 103 kg).

A number of traditional, non-SI units are used in engineering; in various 
businesses, industries, sports, and trades; and in everyday life in the United 
States. Examples are inches, feet, yards, miles, acres, ounces, pints, gallons, and 
fluid ounces. These units are nondecimal, which makes it hard to interconvert 
them. When solving problems in this course, always begin by converting any 
quantities given in non-SI units to the SI equivalents. A conversion table is given 
in Appendix C.

The simplest way to convert from one unit to another is to write the conver-
sion factor for the two units as a ratio. For, example, in Appendix C, we see that 
1 in. = 25.4 mm. By bringing the 25.4 mm to the left side of the equals sign, we 
can write this as either

 
1 in.

25.4 mm
= 1 or 

25.4 mm
1 in.

= 1 (1.5)

Note that you must write the units in these expressions because without them 
you obtain the incorrect expressions 1

25.4 = 1 and 25.4
1 = 1. Because multiplying 

any number by 1 doesn’t change the number, you can use these ratios to convert 
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units. For example, to express 4.5 in. in millimeters, you multiply by the ratio on 
the right in Eq. 1.5 and cancel out the inches:

4.5 in. = (4.5 in.) a25.4 mm
1 in.

b = 4.5 × 25.4 mm = 1.1 × 102 mm. (1.6)

1.12 Why is the ratio on the left in Eq. 1.5 not suitable for converting inches to 
millimeters?

exercise 1.7 unit conversions

Convert each quantity to a quantity expressed either in meters or in meters raised to 
some power: (a) 4.5 in., (b) 3.2 acres, (c) 32 mi, (d) 3.0 pints.

Solution I obtain my conversions factors from Appendix C.

(a)  (4.5 in.) a2.54 × 10-2 m
1 in.

b = 1.1 × 10-1 m.

(b)  (3.2 acres) a4.047 × 103 m2

1 acre
b = 1.3 × 104 m2.

(c)  (32 mi) a1.609 × 103 m
1 mi

b = 5.1 × 104 m.

(d)  (3.0 pints) a4.732 × 10-4 m3

1 pint
b = 1.4 × 10-3 m3.

1.13 (a) Using what you know about the diameters of atoms from Section 1.3, 
estimate the length of one side of a cube made up of 1 mol of closely packed carbon 
atoms. (b) The mass density of graphite (a form of carbon) is 2.2 × 103 kg>m3. By 
how much does the length you calculated in part a change when you do your calcu-
lation with this mass density value? Remember that 1 mol is the number of atoms in 
12 × 10-3 kg of carbon.

1.7 significant digits
The numbers we deal with in physics fall into two categories: exact numbers that 
are known with complete certainty (integers, such as the 14 in “I have 14 books  
on my desk”) and inexact numbers that result from measurements and are 
known to only within some finite precision. Consider, for example, using a ruler 
to measure the width of a piece of paper (Figure 1.18). The width falls between 
the ruler marks for 21 mm and 22 mm and is closer to 21 mm than 22 mm. We 
might guess that the width is about 21.3 mm, but we cannot be sure about the 
last digit without a better measurement method. By recording the width as 21 mm, 
we are indicating that the actual value lies between 20.5 mm and 21.5 mm. The 
value 21 mm is said to have two significant digits—digits that are known reliably.

By expressing a value with the proper number of significant digits, we can 
convey the precision to which that value is known. For numbers that don’t con-
tain any zeros, all digits shown are significant, which means that 21 has two sig-
nificant digits, as just noted, and 21.3 has three significant digits (implying that 
the actual value lies between 21.25 and 21.35).

With numbers that contain zeros, the situation is more complicated. Leading 
zeros, which means any that come before the first nonzero digit, are never signifi-
cant: 0.037 has two significant digits. Zeros that come between two nonzero digits, 

millimeters 20

Figure 1.18 If you measure the width of a 
sticky note with the ruler shown, you can reli-
ably read off two digits.
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Chapter Glossary

SI units of physical quantities are given in parentheses.
Absolute time The notion that time is the same for all ob-
servers in the universe, regardless of their location or motion.
Atom A basic building block of matter.
Avogadro’s number The number of atoms or molecules 
in 1 mol:
 NA = 6.022 × 1023. (1.2)

See also mole.
Change The transition from one state to another.
Density A measure of how much of some substance there 
is in a given volume. The number density (m-3) is the num-
ber of objects per volume:

 n K
N
V

. (1.3)

The mass density (kg>m3) is the amount of mass per volume:

 r K
m
V

. (1.4)

Electron A subatomic particle manifesting itself in a cloud 
around atomic nuclei.
Hypothesis A tentative explanation of observations to be 
used as a starting point for further investigation.
Law A description of a relationship between observable 
quantities that manifests itself in recurring patterns of events.
Length / (m) A distance or extent in space.
Meter (m) The SI base unit of length, defined as the dis-
tance traveled by light in vacuum in 1>299,792,458 of a 
second.
Model A simplified conceptual representation of a 
phenomenon.

Mole (mol) The SI base unit for measuring the quan-
tity of a given substance, defined as the number of atoms 
in 12 × 10-3 kg of carbon-12, which is measured to be 
6.022 × 1023. See also Avogadro’s number.
Order of magnitude A value rounded off to the nearest 
power of ten.
Physical quantity A physical property that can be mea-
sured and that is expressed as the product of a numerical 
value and a physical unit.
Principle of causality Whenever an event A causes an 
event B, all observers see event A happening first.
Proton, neutron Subatomic particles residing in atomic 
nuclei.
Scientific method An iterative process for going from ob-
servations to theories validated by experiments.
Second (s) The SI base unit of time, defined as the dura-
tion of 9,192,631,770 periods of certain radiation emitted 
by cesium atoms.
SI units Units of measure in the International System, used 
in science and engineering.
Significant digits Digits in a numerical value that are reli-
ably known.
Symmetry An object exhibits symmetry when certain 
operations can be performed on it without changing its 
appearance.
Theory A well-tested explanation of a natural phenom-
enon in terms of more basic processes and relationships.
Time t (s) A physical quantity that allows us to determine 
the sequence of related events.
Universe The totality of matter and energy combined with 
the space and time in which all events happen.
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19.5 Dependence of entropy on volume

19.6 Dependence of entropy on energy

19.7 Properties of a monatomic ideal gas

19.8 entropy of a monatomic ideal gas

19.1 states

19.2 equipartition of energy

19.3 equipartition of space

19.4 evolution toward the most probable 
macrostate

entropy19
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502 Chapter 19  entropy

exercise 19.1 Pendulum energy

Consider a 0.10-kg pendulum swinging at a maximum speed of 
0.80 m>s inside a box that contains 1.0 × 1023 nitrogen mole-
cules. The mass of a nitrogen molecule is 4.7 × 10-26 kg, and at 
room temperature a typical nitrogen molecule moves at 500 m>s. 
What are (a) the mechanical energy of the pendulum, (b) the av-
erage kinetic energy of one nitrogen molecule, and (c) the sum of 
the average kinetic energies of all the nitrogen molecules?

Solution (a) The mechanical energy of the pendulum is equal to 
its maximum kinetic energy: 1

2 mv2 = 1
2 (0.10 kg)(0.80 m>s)2 = 

3.2 × 10-2 J. ✔

(b) The average kinetic energy of a nitrogen molecule is 
1
2 (4.7 × 10-26 kg)(500 m>s)2 = 5.9 × 10-21 J. Comparing this 
value with the result I obtained in part a, I see that the mechani-
cal energy of the pendulum is more than 18 orders of magnitude 
(a billion billion times) greater than the average kinetic energy 
of the individual nitrogen molecules. ✔

(c) The sum of the average kinetic energies of all the nitrogen 
molecules is (1.0 × 1023)(5.9 × 10-21 J) = 5.9 × 102 J. Note 
that this thermal energy (the kinetic energy associated with the 
incoherent motion of all the nitrogen molecules) is more than 
four orders of magnitude greater than the mechanical energy of 
the pendulum. ✔

19.1 The nitrogen molecules in Exercise 19.1 move con-
siderably faster than the pendulum and continuously bombard 
the pendulum from all sides. (a) Why does this bombardment 
slow the pendulum down? (b) When the pendulum is at rest, 
why don’t we see the effects of this continuous bombardment?

The inertia of a pendulum at rest is so much greater than 
that of the surrounding air molecules that the effect of col-
lisions between air molecules and the pendulum is hardly 
noticeable. To see the effect of such collisions, we would 
have to greatly reduce the inertia of the pendulum. In 1827 
the Scottish botanist Robert Brown was the first to observe 
the effect of this random molecular bombardment. Using a 
microscope to observe grains of pollen suspended in water, 
Brown noticed that the grains bounced around, following a 
zigzag path like the one shown in Figure 19.1.

This random motion, called Brownian motion, is due to 
the random bombardment of the grains by the surrounding 

The conservation laws allow us to analyze a broad 
range of phenomena, yet they cannot explain the 
irreversibility of time. Cars are damaged in a collision, 

a cube of ice melts when placed in a drink, and a drop of 
ink diffuses throughout a glass of water. These phenomena 
are irreversible, meaning they happen in one direction only. 
Always, no exceptions.

Yet there’s nothing in the conservation laws that prohib-
its cars damaged in a collision to spontaneously move apart 
“undamaged,” that prohibits an ice cube from forming in a 
glass of water, or that prohibits a collection of diffused ink 
molecules from coming together into a single drop. So why 
do phenomena such as these never happen? What is it that 
causes the irreversible flow of time toward the future?

As we shall see in this chapter, the underlying reason has 
to do with the randomness of the interactions at the atomic 
level. To help us quantify the tendency of systems to evolve 
in one direction only over time, I introduce a quantity, 
 entropy, whose change is strongly connected to our sense of 
irreversibility.

19.1 states
Have you ever seen a motionless pendulum suddenly start 
swinging of its own accord? No; when no forces are applied, 
pendulums slow down and eventually come to rest. To un-
derstand why a swinging pendulum always slows down 
and never speeds up, let us consider a pendulum swinging 
back and forth inside a container. As the pendulum swings, 
 kinetic energy gets converted to gravitational potential en-
ergy, which then gets converted to kinetic energy, which 
then . . . . If no energy is dissipated, the sum of these two 
energies remains constant and the pendulum keeps swing-
ing forever.

Over time, however, the swings get smaller because with 
each swing a small part of the coherent mechanical energy 
of the pendulum is converted to incoherent thermal energy 
(see Section 7.3). This conversion is due to friction in the 
pendulum suspension and to collisions with the air mol-
ecules surrounding the pendulum. When the pendulum 
has come to rest, all of its mechanical energy has been dis-
sipated. This energy is not gone—it still exists but now in 
the form of incoherent thermal energy associated with 
the motion of the molecules in the air surrounding the 
pendulum. So the universal tendency for the mechanical 
energy to dissipate appears to be related to the incoher-
ent nature of the motion of atoms and molecules at the 
atomic scale.

Not one of the conservation laws we have studied forbids 
the conversion of that thermal energy back to mechanical 
energy. The pendulum could start swinging again if the air 
molecules would supply the kinetic energy. To understand 
why this transfer of energy from air molecules to pendulum 
is never observed, we need to look at molecular motion on 
the atomic scale. Let’s begin by getting some feel for how 
much energy the pendulum and the air molecules have.

Figure 19.1 A grain of pollen suspended in water undergoes a random 
zigzag motion due to collisions with surrounding water molecules.

start
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dice after any given throw, or we can give a more detailed 
description by specifying the number of dots showing on 
each die. For systems with very large numbers of particles, 
we often care only about large-scale properties, not the 
detailed specifications of each particle. When we describe 
a system in terms of its large-scale properties, we are de-
scribing the system’s macrostate. When we give a detailed 
specification of all the particles that make up the system, 
we are describing the system’s basic state.* For a volume of 
gas, for example, the macrostate is described by large-scale 
properties that can be readily measured, such as tempera-
ture, pressure, and volume. The basic state is described by 
specifying the position and velocity of each individual gas 
particle.

Before describing a gas, let us return to the simpler sys-
tem of two dice. The macrostate of the system after any 
throw is given by the sum thrown; the basic state is given 
by the number of dots shown on each die. As you can see 
in Figure 19.2, there are 36 basic states for the system and 
11 macrostates. Because any basic state is equally likely to 
occur, the probability of any one basic state occurring is 
1>36. To calculate the probability of, say, the macrostate 9, 
we divide the number of basic states associated with this 
macrostate by the number of basic states associated with all 
the macrostates. Four out of the 36 basic states correspond 
to the macrostate 9. Therefore the probability of throwing a 
9 is (1>36)(4) = 4>36. Because there are more basic states 
for the macrostate 7 than there are for the macrostate 9, you 
are more likely to throw, on average, a 7 than a 9.

water molecules. Because the grains are small, the bom-
bardment is not always equal on all sides, causing the grains 
to zigzag. The small random movements are what makes up 
Brownian motion.

19.2 How would Brownian motion change if the mass of 
the grain in Figure 19.1 were increased?

An important conclusion we can draw from the obser-
vation of Brownian motion in pollen grains suspended in 
water is that the bombardment is incoherent. As a result of 
this lack of coherence, the displacement of each grain over 
a long time interval is nearly zero and the grain never gains 
or loses any kinetic energy. If the grain were constantly 
kicked in the same direction, it would keep accelerating 
in that direction and gain kinetic energy. The same is true 
for a pendulum suspended in the air and hanging at rest: 
If it were constantly hit from one direction, it would start 
swinging.

Because it is impossible to treat the details of the inco-
herent atomic motion quantitatively, we need to use a very 
different approach to connect the atomic world of atoms 
and molecules to the macroscopic world we have described 
so far (macroscopic means “large relative to the size of a 
molecule”). In particular, we need to use probability theory 
to determine the likelihood of certain events taking place. 
As we shall see, the odds strongly favor slowing down a 
pendulum over speeding it up. To begin, let’s review the 
 essentials of probability theory using the throwing of two 
dice as an example.

exercise 19.2 throwing dice

When you throw two dice, one red and one blue, many times, 
what is the fraction of throws for which the dots on the two dice 
add to 4?

Solution There are 36 combinations for the pair of dice 
(Figure 19.2), three of which add to 4. On every throw, each of 
the 36 combinations is equally likely to occur. If you throw the 
dice many times, the fraction of throws that add to 4 approaches 
the ratio 3>36 = 1>12. ✔

19.3 What sum of dots are you most likely to throw with 
two dice?

The probability that a certain event will occur is the 
 fraction of times that event occurs in a large number of 
 repetitions. Exercise 19.2 tells you that the probability of 
throwing a 4 is 1>12. If you throw two dice 12 times, you 
won’t  necessarily throw a 4 exactly once. The more times  
you throw the dice, however, the closer the fraction of  
times you throw a 4 will be to 1>12.

If we consider the two dice as a system, there are sev-
eral ways we can describe the state of this system. We can 
characterize it by the sum of the dots shown on the two 

*Often the term microstate is used instead of basic state. Because microstate 
and macrostate sound alike and are often hard to tell apart in spoken lan-
guage, we’ll use the term basic state.

Figure 19.2 The 36 possible combinations for two dice.
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To get a feel for how energy units are redistributed as the 
particles collide with the pendulum, we ignore any dissipa-
tion of energy in the pendulum’s suspension and we assume 
that there are six identical (and therefore indistinguishable) 
energy units to be distributed among the pendulum and the 
three particles. (We’ll drop the restriction that the energy 
units are indistinguishable later.) We further assume that the 
collisions distribute the energy units randomly throughout 
the system: that is, the redistribution jumbles up both the 
speeds of the particles and the directions in which they move. 
This assumption is justified not only by the observation of  
Brownian motion but also by the fact that the assumption 
leads to a behavior that accurately describes our observations.

Let us investigate how the six energy units can be dis-
tributed among the pendulum and the three gas particles. 
If we describe the system’s macrostate by the number of 
energy units in the pendulum, there are seven macrostates. 
Figure 19.4 shows how, for each of these seven macrostates, 
the energy units can be distributed over the pendulum and 
the three particles. Note that as the amount of energy in the 
particles increases, the number of basic states associated 
with that macrostate increases.

19.5 What are the six ways in which you can distribute 
three energy units over three particles such that one of the par-
ticles has two energy units?

Because collisions completely randomize the energy 
distribution, each basic state is equally likely to occur, and 
we can use statistics to determine the probability of any 
given macrostate. The probability of any one basic state is 
1>84 (because there are 84 equally likely basic states). The 
probability of any macrostate is the number of basic states 

19.4 Suppose you are tossing four coins and decide to de-
fine the system’s macrostate after any throw as the number of 
heads thrown. How many (a) macrostates and (b) basic states 
are there for this system? (c) What is the probability of tossing 
three heads? (d) What is the most likely macrostate after any 
toss?

Let us now see how all this applies to a swinging pendu-
lum. Consider one swinging inside a box containing three 
gas particles (Figure 19.3). The particles are distinguishable—
that is, we can tell them apart—and they collide randomly, 
but elastically, with one another, with the walls of the box, 
and with the pendulum. According to quantum mechanics, 
the energy of confined systems can only change by very 
small, indivisible, discrete units called quanta (singular: 
quantum), and many experiments confirm this discrete 
nature of energy units. The collisions in the box thus trans-
fer energy units between the colliding objects.

Figure 19.3 As a pendulum in a box swings, it collides with three par-
ticles. The pendulum slows down as its energy is redistributed into the 
particles.

Figure 19.4 The ways in which six 
energy units can be distributed among 
the pendulum and three particles of 
Figure 19.3. Distribution of six energy 
units among pendulum and three 
particles; each solid-colored box  
corresponds to one of the six units of 
energy. The number of basic  
states associated with all macrostates 
is 84. As the number of energy units  
in the pendulum decreases (left), the 
fraction of basic states associated with 
that macrostate increases (right).

Number of 
energy units 
in pendulum Number of energy units in particles

Number of 
basic states

Fraction of 
basic states

6 0
1

5 1
3

4 2
3 3

3 3
3 6 1

2 4
3 6 3 3

1 5
3 6 6 3 3
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and the relative probability of all 50 energy units in the 
pendulum drops precipitously: With 3 particles, it is on the 
order of 10-4; with 50 particles, it is on the order of 10-29; 
with 100 particles, it drops to 10-40.

Even with a very large number of particles, however, the 
relative probability of the pendulum containing all the en-
ergy is nonzero. So, if we release a pendulum in a box that 
contains many particles and the mechanical energy of the 
pendulum is gradually transferred to the particles, there is 
a very small but nonzero probability of the pendulum gain-
ing all its energy back again.

We can get a feeling for how long it would take for this 
to happen by multiplying the average time interval between 
collisions by the number of basic states for the system. This 
gives us the length of time it would take on average to cycle 
randomly through all the basic states. This time interval is 
called the recurrence time of the system.

In a box of volume 1 m3 containing 3 air molecules at 
room temperature, the average time interval between col-
lisions is approximately 1015 s. So the recurrence time is 
approximately (84)(1015 s) = 1017 s. If there are 1020 par-
ticles, the average time interval between collisions is ap-
proximately 10-19 s. For a large number of particles, the 
number of basic states is equal to the number of particles 
raised to the number of energy units: (1020)6 = 10120 
(Section 19.6). Thus the recurrence time is approximately 
(10120)(10-19 s) = 10101 s. The age of the universe is only 
about 1018 s, so don’t hold your breath waiting for the pen-
dulum to recover all its energy!

19.7 (a) Averaged over a long time interval, for what 
fraction of the time interval does the pendulum in Figure 19.3 
have more than 50% of the energy of the system? (b) Does this 
fraction increase, decrease, or stay the same as we increase the 
number of particles?

19.2 equipartition of energy
In our description of a pendulum swinging among gas 
particles, we saw that as the number of particles increases, 
the probability of nonzero energy in the pendulum goes  

associated with that macrostate divided by the number of 
basic states associated with all macrostates, which is the 
number given in the last column of Figure 19.4. Figure 19.5 
shows how this probability depends on the fraction of en-
ergy in the pendulum.

19.6 What is the probability of finding (a) all of the en-
ergy in the pendulum and (b) either zero or one unit of energy 
in the pendulum?

We “digitized” the energy by arbitrarily dividing it into 
six units. However, collisions could redistribute smaller 
units of energy, and so the mechanical energy of the pen-
dulum could change by smaller amounts. Figure 19.6 shows 
how the probability of finding a certain fraction of energy 
in the pendulum relative to that of finding zero energy in 
it changes as we divide the energy into smaller units. Note 
by comparing Figures 19.5 and 19.6 that the division into 
finer units has little effect on the relative probabilities. In 
other words, the picture we obtain by dividing the energy 
into very coarse energy units is a remarkably good approxi-
mation of the much more realistic fine division predicted 
by quantum mechanics.

What happens if we increase the number of particles? 
Figure 19.7 shows that as the number of particles increases, 
the spike in the relative probability near the origin sharpens 

Figure 19.5 As the fraction of energy in the pendulum increases, the 
probability of that corresponding macrostate decreases.
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Figure 19.6 As the energy is divided into more units, the probability of 
finding a certain fraction of the system’s energy in the pendulum relative to 
that of finding zero energy in it approaches the solid red line.
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Figure 19.7 As the number of particles increases from 3 to 100, the 
probability of finding a certain fraction of the system’s 50 energy units 
in the pendulum relative to that of finding zero energy in it decreases 
significantly.
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1. Figure 19.4 shows that there are 15 basic states for four energy units distributed over three par-
ticles. List all 15.

2. Suppose a container holds three types of gas. The masses of the gas particles are m, 4m, and 9m. 
How do the average speeds of the particles compare?

3. In Figure 19.12, what is the probability of finding three particles in any compartment of the box?
4. The two partitions in the container shown in Figure 19.17 can slide freely. Where will they be posi-

tioned when the space is equipartitioned?

self-quiz

Figure 19.17 
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Rolin Graphics
bj    6/21/13    12p4 x 7p11
rev  10/02/13

0 2 4 61 3 5

possible positions of partitions

partitions

5. A box with a fixed partition through which energy can be exchanged contains 50 particles, 40 on 
the left and 10 on the right. The system contains 250 energy units. As the system approaches equi-
librium, how many energy units end up on the left? On the right?

6. If a closed system tends to change in a specific direction, such as ice melting in an insulated glass 
of water, what can you say about the number of basic states for this system?

answers
1. 400, 040, 004, 310, 301, 031, 130, 013, 103, 220, 202, 022, 112, 121, 211.
2. According to the concept of equipartition of energy, the energy needs to be shared equally among all the gas 

particles, 12 mv1
2 = 1

2 (4m)v2
2 = 1

2 (9m)v3
2, or v1

2 = 4v2
2 = 9v3

2. Thus v1 = 2v2 = 3v3.
3. Figure 19.12, shows that there are ten basic states with three particles in the top left compartment, regardless of 

the number of particles in the other compartments. When there are two particles in the top left compartment, 
there are six basic states with three particles in any other compartment. With one particle in the top left com-
partment, there are 6 + 3 = 9 basic states with three particles in any other compartment. With no particles 
in the top left compartment, there are 6 + 3 = 9 basic states with three particles in any other compartment. 
Therefore there are 10 + 6 + 9 + 9 = 34 basic states with three particles in any compartment. The probabil-
ity of finding three particles in any compartment is thus 34>84.

4. The partition shown at position 2 moves to position 4, and the partition shown at 4 moves to 5, so that there is 
1 particle per unit length of the box.

5. Because at equilibrium the energy must be equipartitioned, the 250 units are evenly distributed across the 
50 particles; with five units/per particle. The 40 particles on the left have 200 units of energy, and the 10 par-
ticles on the right have 50 units.

6. According to the second law of thermodynamics, the system evolves to the macrostate that has the maximum 
number of basic states. Because the process is irreversible, the final macrostate must have a greater number of 
basic states than the initial macrostate.
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19.5 Dependence of entropy on volume
In Sections 19.2 and 19.3, we saw that the equipartition of energy and space de-
scribes the most probable macrostate of any system—that is, the state that has 
the greatest number of basic states. The number of atomic parameters, such as 
the position and velocity of each particle, is intractably large for any real system, 
and so it is generally impossible to specify the basic state of the system. The mac-
rostate, on the other hand, is readily specified by a few measurable macroscopic 
parameters, such as volume, pressure, or temperature.

To make the connection between macroscopic and atomic parameters, we con-
sider a gas that consists of a very large number N of particles in a container of vol-
ume V. The particles occupy a negligible fraction of the volume V and interact with 
one another only during collisions that randomize both the energy distribution 
and the spatial distribution. All collisions between the particles and the walls of the 
container are elastic. A gas that satisfies these conditions is called an ideal gas. At 
high temperature and low pressure, an ideal gas is a good model for a real gas.

Let us now calculate how the number of spatial basic states depends on V and 
N. The system is closed so that the energy of the gas remains constant. Through-
out this section we shall take this energy to be equipartitioned over the gas par-
ticles. At equilibrium each particle has an equal probability of occupying any lo-
cation inside the container; the space is equipartitioned and each particle has its 
fair share of the volume V of the container. To count basic states, we divide the 
container into equal-sized compartments as we did in Section 19.3. If there are 
M equal-sized compartments and just one particle, that particle can be placed 
in any one of the M compartments. Thus there are M basic states for that one 
particle (Figure 19.18). A second particle can also be placed in any of the M com-
partments, and so, for two particles, there are M2 basic states. Continuing this 
process for N particles, we see that Ω, the number of basic states, is*

 Ω = MN (closed system). (19.1)

exercise 19.8 number of basic states

Suppose ten distinguishable particles are equipartitioned in a container that is divided 
into 100 equal-sized compartments. (a) How many basic states are associated with this 
system? (b) What is the natural logarithm of this number of basic states?

Solution (a) The number of basic states is Ω = MN = 10010 = (102)10 = 1020, an un-
imaginably large number. ✔

(b) The natural logarithm of the number of basic states is ln Ω = ln(1020) = 46, a much 
more manageable number. ✔

19.17 If you decrease the size of the compartments in Exercise 19.8 by a factor of 
10, what is the change (a) in the number of basic states and (b) in the natural logarithm 
of that number?

Exercise 19.8 and Checkpoint 19.17 illustrate that the natural logarithm of the 
number of basic states is much more manageable and less sensitive to a change 
in compartment size than the number itself. The natural logarithm of the num-
ber of basic states from Eq. 19.1 is

 ln Ω = ln(MN) = N ln M (closed system at equilibrium), (19.2)

*We assume here that the particles are distinguishable from one another. In reality, the particles of an 
ideal gas are indistinguishable. In the case of indistinguishable particles and when M W N W 1, the 
number of basic states is found to be MN>N ! instead of the result shown in Eq. 19.1. For simplicity, 
we shall limit the treatment in this section to systems of distinguishable particles.

Figure 19.18 Each of the N particles inside 
the container can be placed in any one of the M 
equal-sized compartments.

V

volume V divided into M compartments c

N particles in volume V

ceach of which has volume dV
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where we have used the identity ln(ab) = b ln a. If the volume of the equal-
sized compartments is dV, the number of compartments is M = V>dV, and so 
Eq. 19.2 becomes

 ln Ω = N ln a V
dV
b

 = N ln V − N ln dV (closed system at equilibrium), (19.3)

where we have used the identify ln(a>b) = ln a − ln b.
Because the quantity ln Ω—the natural logarithm of the number of basic 

states—is so important, we define a quantity called entropy:*

 S K ln Ω. (19.4)

Entropy is a unitless quantity that is a measure of the number of basic states 
in a system. The greater the number of basic states, the greater the entropy. 
Entropy allows us to quantify the spreading out of energy or particles over 
space.

As we saw in Section 19.4, a closed system always evolves so as to maximize 
the number of basic states. As the number of basic states increases, so does the 
entropy: Sf 7 Si . Therefore,

 ∆S 7 0 (closed system evolving toward equilibrium). (19.5)

At equilibrium, the number of basic states reaches its maximum value Ωmax and 
the entropy of the system no longer changes:

 ∆S = 0 (closed system at equilibrium). (19.6)

Equations 19.5 and 19.6 constitute the entropy law, a mathematical expression 
of the second law of thermodynamics. The entropy law implies that the entropy 
of a closed system never decreases (it can only increase or remain constant).

It is important to note that Eqs. 19.5 and 19.6 apply to only closed systems. 
For a system that is not closed, the entropy can increase, remain the same, or de-
crease. Back in Figure 19.16, for example, the particles in B transfer some of their 
energy to the particles in A, so B does not constitute a closed system. As we saw, 
ΩB decreases and so the entropy of B decreases:

For systems that are not closed, the entropy can increase, decrease, or stay 
the same.

For a system of N gas particles equipartitioned over a volume V, we can ob-
tain an expression for how entropy depends on volume by substituting Eq. 19.3 
into Eq. 19.4:

 S = N ln V − N ln dV (closed system at equilibrium). (19.7)

This expression describes a gas that is equipartitioned over a volume V—that 
is, at equilibrium. The value for S given by this expression thus represents the 
maximum value for the entropy of a gas of N particles in a volume V. If the gas is 
not at equilibrium, its entropy is smaller than that given by Eq. 19.7.

*Historically, entropy has been defined as S K kB ln Ω, where kB is a constant that makes the entropy 
a much smaller number and gives it units of J/K (see Eq. 19.39). In this book, however, we shall use 
the definition given in Eq. 19.3. This definition is called a statistical definition of entropy.
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The first term on the right in Eq. 19.7 shows that for a fixed number of par-
ticles N, the entropy (that is, the natural logarithm of the number of basic states) 
increases as we increase the volume V of the container. The second term on the 
right depends on the size of the compartments: The smaller the compartments, 
the smaller this term and therefore the greater the entropy. That the entropy de-
pends on the volume dV of the compartments may seem disturbing—after all, 
the partitioning is completely arbitrary. In general, however, dV V V, and so 
the second term on the right in Eq. 19.7 is much smaller than the first one and 
can be ignored.

In general, we shall be concerned only with changes in entropy, in which case 
the second term in Eq. 19.7 drops out entirely. Consider, for example, the expan-
sion of a gas made up of a fixed number of particles from an initial volume Vi to 
a final volume Vf 7 Vi . According to Eq. 19.7, the change in entropy is

 ∆S = Sf − Si = (N ln Vf − N ln dV) − (N ln Vi − N ln dV)

 = N ln Vf − N ln Vi = N ln aVf

Vi
b  (closed system at equilibrium). (19.8)

Because the second term on the right in Eq. 19.7 cancels out, the entropy change 
does not depend on the size of the compartments. Note that because Vf 7 Vi the 
change in entropy is positive.

19.18 (a) What does a positive entropy change in a closed system imply about the 
change in the number of basic states? (b) How does Eq. 19.8 show that a gas expands if 
given more room? (c) How does it show that the gas does not contract spontaneously 
into a subvolume?

Let us next examine how entropy changes when a system of two interacting 
gases evolves to equilibrium. Consider, for example, two gases inside a container 
with a partition separating the gases into two compartments, one of volume 
VA containing NA particles and the other of volume VB containing NB particles 
(Figure 19.19a).* If we let the partition move freely, the system evolves to the 
macrostate that has the maximum number of basic states. If the partition moves 
to the right, VA increases, and so the number of basic states for gas A increases. 
As VA increases, VB decreases, and so the number of basic states for gas B de-
creases. Where does the partition come to rest? In other words, what value of 
VA maximizes the number of basic states for the system as a whole?

In Section 19.4, we determined that the number of basic states for a system 
comprising two gases is the product of the number of basic states for the two 
separate gases:

 Ω = ΩAΩB, (19.9)

Using the definition of entropy (Eq. 19.4), we obtain

 S = ln(ΩAΩB) = ln ΩA + ln ΩB = SA + SB, (19.10)

where we have used the fact that ln(ab) = ln a + ln b. Note that, unlike Ω, the 
natural logarithm of Ω and thus entropy are extensive properties:

The entropy of a combined system is the sum of the entropies of the indi-
vidual systems.

*We assume energy is equipartitioned over the system made up of both compartments and focus on 
only volume changes here. In the next section we shall examine the equipartitioning of energy.

Figure 19.19 (a) Two gases of unequal densi-
ties are placed on either side of a partition.  
(b) When the partition is free to move, the two 
gases evolve to the macrostate corresponding to 
the maximum number of basic states.

VA,i VB,i

VA,f VB,f

gases at di�erent densities

�xed partition

When partition is free to move c

cgases evolve to macrostate 
corresponding to maximum number 
of basic states.
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example 19.9 Partitioned gas

A partition divides a container into two equal compartments, A 
and B. Initially compartment A contains a gas of distinguishable 
particles and compartment B is empty. (a) What is the change in 
the entropy of the gas if the partition is removed and the gas is 
allowed to expand into the volume V of the container? (b) If the 
partition is reinserted after the gas has reached equilibrium in 
the volume V, what is the change in the entropy of the gas due to 
the reinsertion?
❶ GettinG Started When the partition is removed, the gas 
expands to fill the container, so the final volume occupied by the 
gas is twice the initial volume: Vf = 2Vi . Reinserting the parti-
tion divides the container into two equal compartments A and B 
again. The only difference is that now B is not empty; it contains 
half of the particles, and A contains the other half.
❷ deviSe plan To obtain the change in entropy due to the re-
moval of the partition, I substitute Vf = 2Vi into Eq. 19.8. For 
part b, the entropy change due to the reinsertion is equal to the 
difference between the entropy of the gas after the partition is 
reinserted and its entropy before the partition is reinserted. To 
determine the entropy before the partition is reinserted, I use 
Eq. 19.7. Equation 19.10 tells me that after reinsertion the en-
tropy of the gas is equal to the sum of the entropies in the two 
compartments. Because each compartment has half the volume 
of the container and contains half the gas particles, the entropies 
in the two compartments are equal to each other. To determine 
these entropies, I use Eq. 19.7 again.

❸ execute plan (a) Equation 19.8 gives  
∆S = N ln(2Vi>Vi) = N ln 2. ✔

(b) From Eq. 19.7, I obtain for the entropy before reinsertion of 
the partition: Si = N ln V − N ln dV. Combining Eqs. 19.10 
and 19.7, I obtain for the final entropy,

 Sf = SA + SB = 2 cN
2

 ln aV>2
dV
b d = N ln 

V
2
− N ln dV

 = N ln V − N ln 2 − N ln dV.

The change in entropy is thus ∆S = Sf − Si = -N ln 2. ✔
❹ evaluate reSult My answer to part a shows that the 
 removal of the partition and subsequent expansion of the gas 
 result in a positive change in entropy. This is what I expect given 
that the system evolves toward equilibrium. My answer to part b is 
the negative of the answer to part a, which tells me that the change 
in entropy due to the combined removal and reinsertion of the 
partition is zero: ∆S = N ln 2 − N ln 2 = 0. That is surprising 
because the gas has expanded into a larger volume. However, the 
particles in this problem are distinguishable, and in reality gas 
particles are indistinguishable. For distinguishable particles, the 
reinsertion reduces the number of basic states (a particle in com-
partment B can no longer be in compartment A, and vice versa). 
If the particles are indistinguishable, reinserting the partition 
causes no entropy change.

Figure 19.20 As the partition in Figure 19.19 
moves to the right and VA increases, SA increases 
and SB decreases until the entropy of the system 
is maximum. At this value of VA, the partition 
comes to rest, and the system is at equilibrium.

dSB
dVA

dV V  −  dV

S  =  SA  +   SB

S

SB

SA

0

most probable
macrostate

slope  =  0

dSA
dVA

VA

Assuming that the gases on each side of the partition in Figure 19.19 remain at 
equilibrium, we have from Eq. 19.7

 SA = NA ln VA − NA ln dV (19.11)

 SB = NB ln VB − NB ln dV = NB ln(V − VA) − NB ln dV, (19.12)

where V = VA + VB is the combined (constant) volume of the system. Increasing 
VA thus increases SA but decreases SB. Figure 19.20 shows how the entropies 
of the two compartments and the entropy of the combined system depend 
on VA. When the number of basic states, and thus the entropy in Eq. 19.10, are 
maximum, Eq. 19.6 applies, so the partition comes to rest and the combined 
system is at equilibrium. We therefore would like to determine for what value of 
VA the system’s entropy S is maximized.

At the maximum value of S, the slope of the S curve in Figure 19.20 is zero. 
This slope is given by the derivative of S with respect to VA, and so at equilibrium,

 
dS

dVA
=

dSA

dVA
+

dSB

dVA
= 0 (equilibrium) (19.13)

or 
dSA

dVA
= -

dSB

dVA
 (equilibrium). (19.14)

The quantities dSA>dVA and dSB>dVA represent the slopes of the SA and SB 
curves in Figure 19.20. Equation 19.14 thus tells us that these two curves must 
have opposite slopes at the equilibrium value of VA.

M19_MAZU0930_PRIN_Ch19_pp501-528.indd   517 11/21/13   2:45 PM



528 Chapter 19  entropy
c

h
a

p
t

e
r

 g
l

o
s

s
a

r
y

Chapter Glossary

SI units of physical quantities are given in parentheses.
absolute temperature T (K) A quantity related to the rate 
of change of entropy with respect to thermal energy:

 
1

kBT
K

dS
dEth

, (19.38)

where kB is the Boltzmann constant.
Basic state The state of a system that is described using a 
complete specification of all the constituent particles.
Boltzmann constant kB (J>K) A constant of proportional-
ity that reconciles the units for absolute temperature with 
common temperature measurements:

 kB = 1.380 × 10-23 J>K. (19.39)

entropy S (unitless) A quantity equal to the natural loga-
rithm of the number of basic states Ω for a system:

 S K ln Ω. (19.4)

For a system of N particles contained in a volume V at a 
temperature T at equilibrium, the entropy is given by

 S = N ln(T3/2V) + constant (equilibrium). (19.60)

entropy law (also called the second law of thermodynam-
ics) A closed system always evolves so as to maximize the 
number of basic states. As the number of basic states in-
creases, so does the entropy:

∆S 7 0 (closed system evolving toward equilibrium).
(19.5)

At equilibrium, the number of basic states reaches its maxi-
mum value Ωmax and the entropy of the system no longer 
changes:

 ∆S = 0 (closed system at equilibrium). (19.6)

equilibrium state The macrostate of a system that has the 
greatest number of basic states and therefore is the most 
probable macrostate.
equipartition of energy The equal distribution of energy 
among all constituent parts of a system.
equipartition of space The equal distribution of particles 
over all available volume.
ideal gas A gas that consists of a very large number of 
particles that move incoherently, occupy a negligible frac-
tion of the volume occupied by the gas, and interact with 
one another and the walls of the container only via elastic 
collisions.
ideal gas law A relationship among the pressure, volume, 
temperature, and number of atoms in an ideal gas system at 
equilibrium:

 P =
N
V

 kBT (ideal gas system at equilibrium). (19.51)

Kelvin (K) The SI base unit of absolute temperature.
Macrostate The state of a system that is described using 
only quantities that can be determined by measurements 
made on scales much larger than molecular sizes.
Probability The fraction of times that an event occurs in a 
large number of repetitions.
Root-mean-square speed vrms (m>s) The square root of 
the average of the squares of the speeds of all the atoms in a 
volume of gas. For an ideal gas made up of atoms of mass m 
at temperature T, the rms speed is

 vrms = B3kBT
m . (19.53)

second law of thermodynamics See Entropy law.
thermal equilibrium The condition in which all parts of a 
system are at the same temperature. In this condition ther-
mal energy is equipartitioned over the system and the en-
tropy of the system is at its maximum.
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Quantitative tools  If an object of unknown inertia mu collides with an inertial standard 
of inertia ms, the ratio of the inertias is related to the changes in the velocities by

 
mu

ms
K -

∆vs x

∆vu x
. (4.1)

Systems and momentum (Sections 4.4, 4.6, 4.7, 4.8)

Quantitative tools  The momentum pS of an object is the product of its inertia and 
velocity:

 pS K mvS. (4.6)

The momentum of a system of objects is the sum of the momenta of its constituents:

 pS K pS1 + pS2 +g. (4.11, 4.23)

concepts  A system is any object or 
group of objects that can be separated, in 
our minds, from the surrounding environ-
ment. The environment is everything that 
is not part of the system. You can choose 
the system however you want, but once you 
decide to include a certain object in the sys-
tem, that object must remain a part of the 
system throughout your analysis.

A system for which there are no ex-
ternal interactions is called an isolated 
system.

An extensive quantity is one whose 
value is proportional to the size or “extent” 
of the system. An intensive quantity is one 
that does not depend on the extent of the 
system.

A system diagram shows the initial 
and final conditions of a system.

inertia (Sections 4.1 – 4.3, 4.5)

chapter Summary

concepts  Friction is the resistance to mo-
tion that one surface encounters when mov-
ing over another surface. In the absence of 
friction, objects moving along a horizontal 
track keep moving without slowing down.

Inertia is a measure of an object's ten-
dency to resist a change in its velocity. In-
ertia is determined entirely by the type of 
material of which the object is made and 
by the amount of that material contained 
in the object. Inertia is related to mass, 
and for this reason we use the symbol m 
to represent it. The SI unit of inertia is the 
 kilogram (kg).

conservation of momentum (Sections 4.4, 4.8)

Quantitative tools  The momentum of an isolated system is constant:

 ∆pS = 0
S

. (4.17)

Another way to say this is that for an isolated system, the initial momentum is equal to the 
final momentum:

 pSi = pSf . (4.22)

The impulse J
S

 delivered to a system is equal to the change in momentum of the system:

 J
S
= ∆pS. (4.18)

For an isolated system, J
S
= 0

S
.

concepts  Any extensive quantity that 
cannot be created or destroyed is said 
to be conserved, and the amount of any 
 conserved quantity in an isolated system is 
constant. Momentum is a conserved quan-
tity, and therefore the momentum of an 
isolated system is constant. The momen-
tum can be transferred from one object to 
another in the system, but the momentum 
of the system cannot change.
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11. Can the inertia of any object be negative?
12. Which has greater inertia: 1 kg of feathers or 1 kg of lead?

4.6 Momentum

13. Which has greater momentum: a flying bumblebee or a sta-
tionary train? Which has greater inertia?

14. A 3-g bullet can knock a wooden block off a fence as easily as a 
140-g baseball can. How is this possible?

15. Can the momentum of any object be negative?

4.7 isolated systems

16. What is the meaning of the word interaction in physics?
17. For a given system, what is the distinction between external 

and internal interactions, and why is the distinction important?
18. What is an isolated system, and of what use is an isolated 

system?

4.8 conservation of momentum

19. Are these two statements equivalent? (a) The momentum of 
an isolated system remains constant in time. (b) Momentum is 
conserved.

20. Suppose the 1-kg international inertial standard cylinder were lost 
or destroyed. How would this affect conservation of momentum?

21. What is impulse, and how is it related to momentum?
22. Compare and contrast the conservation of momentum and the 

momentum law.

4.1 Friction

  1. Describe several ways of minimizing friction between a surface 
and an object moving on that surface. Is it possible for a surface 
to be completely frictionless?

4.2 inertia

  2. Two standard carts collide on a horizontal, low-friction track. 
How does the change in the velocity of one cart compare with 
that of the other?

  3. Carts A and B collide on a horizontal, low-friction track. Cart A 
has twice the inertia of cart B, and cart B is initially motionless. 
How does the change in the velocity of A compare with that  
of B?

4.3 What determines inertia?

  4. An iron cube and an iron sphere contain the same volume of 
material. How do their inertias compare?

  5. Two objects of identical volume and shape are made of differ-
ent materials: iron and wood. Are their inertias identical?

4.4 Systems

  6. What is a system?
  7. What is the key difference between an extensive quantity and 

an intensive quantity?
  8. What four processes can change the value of an extensive 

 quantity in a system?
  9. What does it mean if an extensive quantity is a conserved 

 quantity?

4.5 inertial standard

10. Using a pair of standard carts and a baseball, how would you 
determine the inertia of the baseball?

review Questions
Answers to these questions can be found at the end of this chapter.
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  1. The inertia of a suitcase filled with physics textbooks (H, L, Q)
  2. The ratio of the inertias of an object and a bowling ball if the 

object, initially at rest on a bowling alley, doesn’t move notice-
ably after being hit by the bowling ball (C, M, B)

  3. The magnitude of the momentum of a tennis ball as it crosses 
the net (F, R)

  4. The magnitude of the momentum of a bowling ball moving 
toward the pins (A, M)

  5. The magnitude of the momentum of a baseball pitched by a 
major-league pitcher (I, S)

  6. The magnitude of the momentum of a typical marathon run-
ner (D, O, V)

  7. The magnitude of the change in momentum of a baseball bat 
that reverses the velocity of the baseball of question 5 (G, N)

  8. The magnitude of the change in momentum of a stationary 
bowling ball hit by the tennis ball of question 3 (B, G, N)

  9. The magnitude of the change in momentum of a car that 
leaves the freeway to stop for gas (E, J, T)

10. The magnitude of the change in velocity of a car that hits a 
stationary deer (E, P, K, U, N)

Developing a Feel
Make an order-of-magnitude estimate of each of the following quantities. Letters in parentheses refer to hints below. Use them as needed to 
guide your thinking.

A. What is the inertia of a bowling ball?
B. How does the object of less inertia behave after a collision with 

an object of greater inertia?
C. What is the largest nonzero speed that is too small to be no-

ticed during a few seconds of observation?
D. What is the inertia of a marathon runner?
E. What is the inertia of a typical car?
F. What is the inertia of a tennis ball?
G. What is the magnitude of the change in momentum of the ob-

ject with less inertia?
H. What is the inertia of a single physics textbook?
I. What is the inertia of a baseball?
J. What is the speed of the car while on the freeway?
K. What is the inertia of a typical deer?
L. What is the volume of a typical suitcase?
M. What is the typical speed of a bowling ball moving toward the 

pins?
N. What do you know about the momentum of this system of two 

objects?
O. What time interval is required to run a marathon?
P. What is the likely speed of a car on a road with deer crossings?

Hints

Q. What is the volume of a single physics book?
R. What is the speed of a tennis serve?
S. What is the speed of a pitched baseball?
T. What is the speed of a car when fueling?
U. With what speed would the deer rebound? (First consider a  

moving deer bouncing off a stationary car by analogy to 
 question 8.)

V. What is the length of a marathon?

Key (all values approximate)

A. 7 kg;  B. it bounces back, approximately reversing its velocity;  
C. 1 × 10-3 m>s;  D. 6 × 101 kg;  E. 2 × 103 kg;  F. 6 × 10-2 kg;  
G. because the motion reverses, about twice the magnitude of the 
object’s initial momentum;  H. 3 kg;  I. 0.2 kg;  J. 3 × 101 m>s;   
K. 5 × 101 kg;  L. 0.1 m3;  M. 7 m>s;  N. it remains approximately 
constant;  O. 3 h or more;  P. less than half freeway speed, perhaps 
1 × 101 m>s;  Q. 3 × 10-3 m3;  R. 5 × 101 m>s;  S. 4 × 101 m>s;  
T. 0;  U. at a speed somewhat slower than twice the initial speed of 
the car;  V. 4 × 101 km
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must be equal to the system’s final momentum. We notice that 
the  momentum is not zero before the catch because the ball is in 
 motion. We also note that, after the dive begins, the athlete and ball 
can be treated as a single object because they move with a com-
mon velocity. We label this composite object with the subscript ab. 
We have to account for all the contributions to the system’s mo-
mentum in the initial state (just before the dive) and in the final 
state (just after the dive), and set the two equal. It is best to draw 
initial and final momentum representations to keep track of all the 
objects in the system and to show the direction we choose for the 
positive x axis (Figure WG4.2). We draw the final momentum vec-
tor for the canoe a bit larger than the vector for the athlete plus 
ball because the system momentum must be in the same direction 
and of the same magnitude in the initial and final pictures. Note 
that we choose the direction of the incoming ball as the positive 
x direction.

In a game of canoe-ball on a calm lake, an athlete stands at the front 
end of a canoe at rest, facing the shore. A player on shore throws a 
1.8-kg ball that arrives at the canoe with a speed of 2.5 m>s. The 
rules of the game demand that the athlete hold on to the ball and 
immediately dive into the water, which he does, horizontally, off 
the front of the canoe. His inertia is 60 kg, and the inertia of the 
canoe is 80 kg. Friends on shore determine that his speed in the 
dive is 1.2 m>s. How fast is the canoe moving after he jumps off?

❶ GettinG started Because we are given the canoe’s inertia, we 
can determine its speed once we know the magnitude of its momen-
tum (v = p>m). The crucial point is that the momentum exchange 
is both between the canoe and the athlete and between the ball 
and the athlete. However, some interaction between the water and 
the canoe is also possible. Because the event we are analyzing hap-
pens during a short time interval and because we know that water 
is  “slippery,” we choose to ignore any effect that resistance from the 
water might have on the canoe’s motion. With this simplification, the 
system comprising the ball, canoe, and athlete is isolated.

We draw a system diagram (Figure WG4.1) including the rel-
evant velocity information and using subscripts to keep track of 
our objects: b for ball, a for athlete, c for canoe. We also use the 
subscripts i for initial quantities and f for final quantities to keep 
track of the temporal order of events.

Worked and Guided problems

only a negligible effect on) the objects’ accelerations 
during the time interval of interest.

4. Choose a system that includes the object or objects 
that are the subject of the problem (for example, a cart 
whose momentum you are interested in) in such a 
way that none of the remaining interactions cross the 
system boundary. Draw a dashed line around the ob-
jects in your choice of system to represent the system 
boundary. None of the remaining interactions should 
cross this line.

5. Make a system diagram showing the initial and final 
states of the system and its environment.

When you analyze momentum changes in a problem, it 
is convenient to choose a system for which no momen-
tum is transferred into or out of the system (an isolated 
system). To do so, follow these steps:

1. Separate all objects named in the problem from one 
another.

2. Identify all possible interactions among these objects 
and between these objects and their environment (the 
air, Earth, etc.).

3. Consider each interaction individually and determine 
whether it causes the interacting objects to accelerate. 
Eliminate any interaction that does not affect (or has 

procedure: choosing an isolated system

Worked problem 4.1 Jump ship

Figure WG4.1

Figure WG4.2 

With this figure as a guide, we write an equation setting the ini-
tial and final momenta equal to each other:

pSa,i + pSb,i + pSc,i = pSab,f + pSc,f

0
S
+ mbv

S
b,i + 0

S
= (ma + mb)vSab,f + mcv

S
c,f .

Because we know all the inertias, the three initial velocities, and the 
final velocity of the athlete-ball combination, we have all we need 
to get the final speed of the canoe.

❷ devise plan Because momentum is a conserved quantity and 
because the system is isolated, the system’s initial momentum 

These examples involve material from this chapter but are not associated with any particular section.  
Some examples are worked out in detail; others you should work out by following the guidelines provided.

M04_MAZU0930_PRAC_Ch04_p051-068.indd   55 10/24/13   3:58 PM



p
r

a
c

t
ic

e
56 Chapter 4  praCtiCe  MoMentuM

❹ evaluate result The numerical value of our result is not 
unreasonable; that is, it is of the order of magnitude we expect for 
the speed of a human-powered boat. If there were significant water 
resistance, it would reduce the canoe’s speed, but this reduction 
would take significantly longer than the jump, as you may know 
from pushing a boat off. For this reason the assumption that water 
resistance can be neglected during the time interval of interest is 
justified.

We should also check to see whether our algebraic answer 
behaves in the way we expect. Equation 1 shows that the canoe’s 
final speed is a sum of positive terms. If Eq. 1 allowed a nega-
tive answer for vc,f , we would have to rethink our choice of signs 
for velocity components. The canoe’s final x component of mo-
mentum pc x,f  must be positive for this reason: Because the initial 
momentum of the system is positive, the final momentum must 
also be positive (but the final momentum of the athlete-ball com-
bination is  negative). This is consistent with our intuition that the 
boat moves to the right in Figure WG4.1 as the athlete dives to 
the left.

Furthermore, we see that Eq. 1 implies that the canoe’s final 
speed would increase if the ball had greater inertia, if it came in at 
a higher speed, if the athlete had greater inertia, or if he dove at a 
higher speed. This matches our qualitative understanding that each 
of these changes would increase either the initial (positive) mo-
mentum of the system or the final (negative) momentum of the 
athlete-ball combination.

❸ execute plan Recalling that vector components are signed 
quantities whose signs depend on our choice for the positive  
x direction, which is in the direction of the incoming ball, we write 
the equation in component form:

mbvb x,i = (ma + mb)vab x,f + mcvc x,f .

In terms of speeds, this becomes

mbvb,i = (ma + mb)(-vab,f) + mcvc,f .

We isolate our unknown, vc,f , and then substitute values for the 
quantities we know:

 mcvc,f = mbvb,i − (ma + mb)(-vab,f)

 vc,f =
mbvb,i + (ma + mb)vab,f

mc
 (1)

 vc,f =
(1.8 kg)(2.5 m>s) + (60 kg + 1.8 kg)(1.2 m>s)

80 kg

 =
78.7 kg # m>s

80 kg
= 0.983 m>s.

The final speed of the canoe, to two significant digits, is

vc,f = 0.98 m>s. ✔

❷ devise plan We consider the three pieces into which the 
pump disintegrates as our system. For the time interval between 

Worked problem 4.3 exploding bicycle pump

You are riding your bike at a steady 4.0 m>s when suddenly you 
swerve to avoid a pothole. Your bicycle pump falls from its bracket, 
strikes a rock at the road’s edge, and explodes into three pieces. You 
watch the pump body sail ahead of you, then hit the ground and 
stop 0.50 s after the explosion. The pump was horizontal when it 
exploded, and its length was aligned parallel to the road. Retracing 
your path, you measure the distance from the pump body to the 
rock as 3.2 m. Just beside the rock is the pump handle. These two 
pieces were easy to find, but the third piece—a thin metal spring—
is going to be hard to spot. If the inertias are 0.40 kg for the pump 
body, 0.25 kg for the handle, and 0.20 kg for the spring, where 
should you look for the spring?

❶ GettinG started We begin with a sketch of the situation 
(Figure WG4.3). We are given position information for two of the 

Figure WG4.3 

three pieces, but that alone will not locate the third piece. We also 
have the inertia of each piece, and we know that the velocity of the 
pump before the explosion was the same as that of the bike.

Guided problem 4.2 a pie in the face

At a carnival, a super-sized, 1.0-kg cream pie is thrown with a 
speed of 5.0 m>s into the face of a 60-kg clown at rest on roller 
skates. After the pie strikes his face and sticks there, how fast does 
the clown roll backward?

❶ GettinG started
  1. Select an isolated system and sketch a system diagram for the 

pie-clown collision.
  2. What object(s) is (are) in motion before the collision? After 

the collision?

❷ devise plan
  3. What do you know about the momentum of your system?
  4. Express your answer to question 3 quantitatively and count 

the unknowns.

❸ execute plan

❹ evaluate result
  5. Is your answer unreasonably large or small?
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