-
™
=
[
-l
wl
=
b

176  wileyonlinelibrary.com

MATERIALS

www.advopticalmat.de

'a\
M“‘“&.ﬁé

www.MaterialsViews.com

An Analytic Model for the Dielectric Function of Au, Ag,

and their Alloys

David Rioux, Simon Valliéres, Sébastien Besner, Philip Munoz, Eric Mazur,

and Michel Meunier*

An analytical model for the prediction of the dielectric properties of gold—
silver alloys is developed. This multi-parametric model is a modification of
the usual Drude-Lorentz model that takes into account the band structure of
the metals. It is fitted by a genetic algorithm to the dielectric function of thin
alloy films of different gold—silver ratio obtained by ellipsometry. The model
is validated for arbitrary alloy compositions by comparing the experimental
extinction spectra of alloy nanoparticles with the spectra predicted by Mie

theory.

1. Introduction

Gold and silver plasmonic nanoparticles (NPs) are widely used
in biological applications, such as contrast agents for cancer
detection,l'3] photothermal therapy,**>°! or energy-interme-
diate materials in nanosurgery.l®! Their use relies on the strong
interaction of light with surface plasmons, which give rise to
very high extinction coefficients and significant amplification
of the electric field near the metallic surface. This near-field
enhancement is also the underlying mechanism for many
applications, including surface-enhanced Raman scattering
(SERS) and surface-enhanced fluorescence (SEF).”l The strong
sensitivity of surface plamons to the refractive index in the
vicinity of the metallic surface also led to the development of
surface plasmon resonance (SPR) sensing.[®!

Although gold and silver are both excellent plasmonic mate-
rials, they each have a fixed plasmon resonance for a given
geometry, which limits the possible applications of either mate-
rial. Gold-silver alloys, on the other hand, hold great promise
because their plasmonic resonance wavelength can be tuned
by changing the alloy composition. It is therefore possible to
engineer the alloy composition that will meet the required reso-
nance wavelength for any application.
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For all applications, it is highly desir-
able to predict the optical properties of
the material prior to synthesis. Calcula-
tion of these optical properties is pos-
sible with analytical or numerical solu-
tions depending on the complexity of the
nanostructure geometry. In all cases, the
frequency-dependent dielectric function
(e(w)) of the materials making up the
nanostructure must be known. Whereas
the dielectric functions for pure elements
like gold and silver (es, and &a4) have
been measured extensively and known for
year I'the dielectric function for their alloys (gayag) is rela-
tively unknown. Some specific alloy compositions have been
measured, but only over a limited wavelength range.l!Zl Other
more complete measurements have been made,*l but access
to tabulated data is limited. While a clear understanding of
the variation of €y, with alloy composition has not yet been
achieved, such knowledge is essential for the predictive engi-
neering of the surface plasmon resonance.

A simple composition-weighted average of &4, and &5, does
not yield acceptable results, and is not physically realistic for
alloys. For example, the extinction spectra of real alloy nanopar-
ticles show a single and relatively narrow plasmon peak with
a position varying linearly with alloy composition; both prop-
erties are not predicted by the composition-weighted average
model."1] Gaudry et al.'¥l observed a smooth transition from
€au 0 Exg as a function of alloy composition. They suggested a
more complex approach using a linear variation for the inter-
band transition threshold. This approach gives better results
for the interband part of the dielectric function, but does not
account for the change in the free electron behaviour of alloys
of varying composition.

Moskovits et al.'%l attempted to extract €4,4 from the extinc-
tion spectrum of bimetallic Au-Ag nanoparticles with various
compositions, however, it is not clear if their nanoparticles were
really alloys or simply core—shells.

In this paper, we present a better model that describes €y,
over the whole visible range and accounts for the smooth transi-
tion observed in &. We fit this model to the measured &(w) of five
thin films with different Au-Ag alloy compositions to obtain an
empirical multi-parametric equation of the dielectric function.
We compute the extinction spectra of alloy nanoparticles pre-
dicted by incorporating this model of &(w) into Mie theory. The
comparison between these spectra and experimental spectra of
alloy nanoparticles shows excellent agreement on the position
and width of the extinction peaks.

g [9-11
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Figure 1. Fit of the Au dielectric function based on modified Lorentzian
functions. The negative absorption is clearly seen below 2 eV for the first
modified Lorentzian term (green curve) and is also present below 1.5 eV
for the second one (red curve).[319

2. Theoretical Model

For metals, € is usually modelled using a Drude-Lorentz
approach. The Drude term accounts for the intraband behav-
iour and is characterized by two parameters: the plasma fre-
quency and a broadening factor related to the free electron
lifetime. The interband contribution is usually modelled using
one or more Lorentzian oscillators.'1%17] A good quality fit of &
often requires the use of an exceedingly large number of arbi-
trary Lorentzian terms and the model becomes unphysical.[!®]
A different model for the interband contribution is therefore
required.

Based on a critical point analysis of the metal band struc-
ture, Etchegoin et al.l'®1% have proposed a model of the inter-
band contribution using two modified Lorentzian functions
which include a phase parameter in order to account for the
band-edge effects.?”! They fitted the model to experimental g,
values measured by Johnson and Christy.’)] This fit is shown in
Figure 1 (only the imaginary part of €, is shown). Although
this approach closely approximates the data, it may introduce
unphysical effects: the phase parameter can cause the imagi-
nary part of & for one or both of these modified Lorentzian
functions to become negative, which is impossible for a metal.
This is the case in Figure 1, where the second Lorentzian term
(green) is negative at energies below 2 eV. In order to compen-
sate for this, the Drude term (yellow) must be artificially higher
than normal. For these reasons, we consider this model to be
unphysical and will not use it.

Despite the difficulties of the previous model, the idea of
building a model based on critical point analysis is promising,
provided that negative absorption is prevented. Critical point
analysis is based on the fact that the most important features
in € are due to the Van Hove singularities (critical points) in the
joint density of states (jDOS). If we can model the jDOS in the
energy range of visible light, we can model .

According to Cardona,”?!l the interband contribution (g, to
the complex dielectric function is given by:

F
lem, Ik
€ (@) = 4 Y o WL —(@+il) (1)
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where k and | are the occupied and empty states, respectively.
In this model, every transition between an occupied state and
an empty state contributes a Lorentzian oscillator to the dielec-
tric function, where iy is the energy of the transition between
both states, Fy is the oscillator strength, and I"is a broadening
factor due to scattering. Summation of all the transitions results
in the total interband contribution to the dielectric function.
In this model, the oscillator strength is:

2|(k| p]*

Fi(w) = 301,

@)
We assume that the matrix element in the oscillator strength
varies slowly around the critical points and that the only wave-
length dependence comes from the ay ' term.?!l We also
assume that I'is constant for each critical point.
Furthermore, by assuming only direct transitions, the sum-
mation can be replaced by integration over the jDOS:

o jDOS(wlk)
A
-/o o (W — (@ + ilM)?) 3)

€ip (@) =

Here, A is an amplitude parameter containing the various
constants and the matrix element. Hence, the interband con-
tribution to the dielectric function is a convolution of the jDOS
with a simple Lorentzian oscillator whose strength is energy
dependent. The main contribution to the shape of the dielec-
tric function is therefore the shape of the jDOS, which itself is
mainly affected by the critical points. Consequently, the study
of these critical points is important for the calculation of the
dielectric function.

Both Au and Ag have a similar electronic structure because
of their matching valences, crystal structures, and almost equal
lattice constants. In both cases, the relevant critical points in
the visible energy range are located at the X and L symmetry
points. The band structures of both Au and Ag were calculated
by density functional theory around these two symmetry points
using the Exciting codel??l and are shown in Figure 2. The crit-
ical point at X has a gap of about 2.5 eV for Au and 4.0 eV for
Ag. In both cases, the critical points are of an M; type: the crit-
ical point is three dimensional with a negative effective mass
along one direction (X-T" in this case). At the L symmetry point,
the gap for both metals is about 4.0 eV, and the critical points
are of an M, type: there are negative effective masses along two
directions and a positive effective mass along one direction
(L-T). See Cardona’s work?!! for more details.

The gap energy around the critical point can be approxi-
mated by a parabolic expansion. In this case, the jDOS for a M;
critical point has the general form:

1— /@1 — @ for < wy

. ¢ (4)
jDOS(w)
C; for w > wy

where C; is constant.

Of course, at energies lower than the lowest transition energy
(arrow labeled @y, on Figure 2a), the jDOS must be zero. This
fixes the value of the constant C;, and the general shape of the
jDOS only depends on the values of @y, and @y;. In this model,
the jDOS continues to infinity, which is a consequence of the
fact that the gap energy is described by a parabolic expansion.
But since this shape accurately describes the jDOS in the energy
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Figure 2. Band structure of Au (blue) and Ag (red) near the critical points
at the a) X and b) L symmetry points. The green arrows at X represent the
threshold (o) and gap (®,) transitions from the d-bands to the s-band
above the Fermi level (FL). The green arrows at L represent the threshold
(woz) and gap (wy) transitions from the s-band below the FL to energy
levels above the FL. The orange arrow at L represents the threshold (wy;)
transition from the d bands to the s band above the FL. As explained in
the text, this transition is neglected in our model.

window of interest (1 to 4.5 eV in this work), this approxima-
tion is not a problem.

Using Equation (3) and Equation (4), the interband contribu-
tion of an M critical point to the dielectric function becomes:

A/ Wg1 — Wo1

= A d
€cp1 (w) 1[/10 or@% — (0+ i 1)) o

01

el Wg1 — Wi
— - dwlk] 5
/ orh — (@+ i) ®)
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After integration, we obtain:

V@01 — w+il\’
€cp1 (OL)) = A1 —Mln 1-— £
2((4) + LF1)2 wWo1
2,./® Wg1 — W
— 21 tanh™! -
((A) + LF1)2 (A)gl
_ Vo + lF] — Wg1 tan71 Wy — Wo1
(Cl) + in)Z (0+iF1 — wg]
_,/(A) + lFl + (A)gl tanh_l O)g] — Wo1 6
(@ + i) wt+il+wy )| ©

This equation contains 4 parameters: @y, @y, I, and Ay,
which have all been defined previously.
For an M, critical point, the jDOS is:

jDOS(w)O({ C; forw < wy, }

C,— Jog; —o forw> wy,

where C, is constant.

In this case, the jDOS is zero for energies below @, but
is constant between @y, and @y, and then decreases until it
reaches zero at higher energy. Preliminary fits of our experi-
mental data have shown that wg, is higher than 5 eV for both
Au and Ag. Since this is higher than our energy window of
interest, and for the sake of simplicity, we will model the jDOS
as a constant from @y, to infinity. The contribution to the die-
lectric function becomes:

Az 1 1 W+ le 2
2w+ i) _< “0r ) (8)

There is another set of transitions that are possible near L
between the d manifold and the part of the sp band that lies
above the Fermi level (w3 in Figure 2b). In this case, the associ-
ated critical point would be an M; critical point at L, but with
transitions restricted to energies higher than @y;. This results
in a jDOS that is constant above @y;. However, since the transi-
tion at the critical point is forbidden, we expect that this contri-
bution will be very weak. Indeed, preliminary fits have shown
that the contribution from this set of transitions is negligible.
For this reason, these transitions will not be taken into account
in our model.

Including the Drude terms and both critical points, this
model uses a total of 10 parameters to describe the fre-
quency-dependent dielectric function of the metal. Because
Au and Ag have similar band structures, we assume an iden-
tical model for both metals and their alloys, with different
parameter values for each alloy composition. We also assume
that every parameter evolves smoothly as a function of alloy
composition, due to the smooth evolution of the dielectric
function.'

To model the composition dependence of the fitting parame-
ters, we use a polynomial composition function for each param-
eter. A linear dependence is not sufficient for most parameters,
but a second-order dependence is enough to account for the
behaviour of all parameters. In this case, 3 sub-parameters
are needed to define the curve. The complete wavelength and

(7)

€cpa (W) =—
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composition-dependent model therefore relies on 30 variable
parameters:

(@p(GMF)?)
@+ iwl',(GMF)
+ € cp1 (@ 001 (GMF), g1 (GMF),T'y(GMF), Ay(GMF))
+ € cp2 ((A), woz(GMF), Fz(GMF), Az(GMF))

€ (@, GMF) = €, (GMF) —

©)
Where &., is the contribution from high-energy transitions, @,
is the plasma frequency, I}, is the broadening factor related to
the free-electron lifetime in the Drude model, and GMF is the
gold molar fraction. Each parameter in this equation is com-
position-dependent. There are many equivalent ways to specify
the parabolic composition dependence, each requiring three
points of reference. We chose to reference both pure Au and
Ag compositions as well as the midpoint composition of equal
parts Au and Ag. For example, we can compute the plasma fre-
quency for any value of GMF using this equation:

w,(GMF) = GMFZ(prAu — 4wy auagsoso T 20y ag)
+GMPF (—wpau + 40p aungsoso — 3Wpag) + Wpag

(10)

where @,ay, @pauagsoso, and @yag are the plasma frequencies for
pure Au, for a 50:50 alloy, and for pure Ag, respectively. Sim-
ilar composition dependence is assumed for the other fitting
parameters. We note that the choice of Au, Ag, and 50:50 alloy
compositions for the definition of the parabolic curve is purely
for convenience. Finally, we compute the fitting parameters by
comparing the model to experimental dielectric functions of
five alloy compositions simultaneously.

This model represents an improvement over previous
attempts, because it is based on the actual band structure of
the metals in a way that forbids negative absorption. This is the
first time such a model has been used to fit the dielectric func-
tion of Au—Ag alloys of arbitrary composition.

3. Measurement Results

Figure 3 shows the measured real and imaginary parts of
e for the five alloy thin films. At high energy, all dielectric
functions are dominated by interband effects. The threshold
of interband transitions shifts from about 2.5 eV for Au to
about 4 eV for Ag, with a progressive shift for the alloys. This
transition is also much sharper for the pure elements com-
pared to the alloys. Intraband transitions are more impor-
tant at longer wavelengths. In this region, all samples show
similar behaviour for the real part of the dielectric function.
The most notable difference is in the imaginary part, where
alloys have a much higher absorption compared to the pure
metals.

4. Fitting Procedure

The fitting procedure uses a genetic algorithm, which is well
suited for multi-parameter optimization problems.??3] Briefly,
this method involves the generation of individuals, which are
vectors containing the 30 parameters to optimize. An initial
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Figure 3. Measured a) real and b) imaginary parts of the dielectric func-
tion for 80 nm AuAg alloy thin films in the UV-NIR range. For a better
visibility of the features, the real part of € has been shown on a 1.5 to
4.6 eV energy scale. The curves from 1 to 1.5 eV are shown in the inset.

population of individuals is created choosing a random value
for each parameter. The fitness of each individual from the
population is determined by the least-squares error, calculated
between the experimentally measured dielectric function and
the dielectric function modeled using the individual's param-
eters. The fittest individuals are the ones with the lowest least-
squares error, and only these will undergo reproduction in the
subsequent generation. After enough iterations, the best indi-
vidual generates a solution that converges to the experimental
measurements.

Figure 4 shows the real and imaginary parts of the dielectric
function for Au as predicted by the model after the fitting pro-
cedure. The agreement between the model and experiment is
excellent. Note that no negative absorption is seen for the con-
tribution of the critical points.

5. Discussion

5.1. Behaviour of the Parameters

Table 1 lists the parameter values determined by the fit, which
can be used to calculate the dielectric function in the visible
range for an Au-Ag alloy of arbitrary composition.
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Figure 4. Comparison of the model with experimental data for the real a)
and imaginary b) parts of € for Au. The contributions of the Drude term
and both critical points are shown. For both critical points, there is no
negative absorption.

According to the Drude model, the plasma frequency w, is
related to the density of valence electrons. Since Au and Ag
share the same crystal structure and similar lattice constants,
the density of valence electrons for both metals and their alloys
is almost identical, resulting in comparable plasma frequencies
across all compositions. As shown on Figure 5, the plasma fre-
quencies predicted by our model vary by less than 5% across all
compositions, and closely agree with Drude model predictions
for Au and Ag using known electronic densities.?*!

Both @y and @y, have a similar behaviour, which shows that
the band separation varies monotonically with alloy composition
and is coherent with the linear variation of the interband tran-
sition threshold pointed out by Gaudry.'* The relatively small
variation in @y, (less than 1 eV) is a consequence of the compa-
rable band separations in Au and Ag at the L symmetry point.

Table 1. Fitting parameters for the dielectric function of Au—Ag alloys.
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Figure 5. Evolution of the plasma and resonance frequencies in the
model. The plasma frequency is almost constant for all alloy composi-
tions. The threshold of transition for the first critical point is not linear,
but evolves smoothly as a function of composition.

In the Drude model, the imaginary part of the dielectric func-
tion is proportional to the value of I, which is itself inversely
proportional to the mean free path of the conduction electrons.
Since alloys are disordered materials, the random distribution
of Au and Ag atoms on the crystal lattice destroys the perio-
dicity of the structure. This lowers the mean free path of the
conduction electrons for alloys, with a minimum close to the
50:50 alloy composition. This phenomenon results in a higher
value of I, for alloys compared to pure metals, as shown in
Figure 6, and explains the higher value for the imaginary part
of € at long wavelengths, as pointed out earlier.

Furthermore, we observe an increase in I'y and I, for alloys
compared to pure metals, similar to the behaviour of I,. In this
case, the non-periodic structure broadens every energy state,
probably resulting in a global broadening of the interband elec-
tronic transitions.

5.2. Comparison to Experimental Nanoparticles

In order to assess the quality of the model, we compared
the extinction peaks for alloy nanoparticles predicted by
the model to the measured extinction peaks for alloy parti-
cles produced experimentally. Au—-Ag alloy nanoparticles of
various compositions were produced by femtosecond laser
ablation and alloying. This approach is described extensively
elsewhere.[?l The composition of the samples runs from pure
Ag to pure Au by steps of 10% in GMF. It is important to
note that except for the 50:50 alloy, all of the alloys have a

@, I, £, Wy I A @02 I; A,
[eV] [eV] [eV] [eV] [eV] [eV]
Au 8.9234 0.042389 2.2715 2.6652 2.3957 0.1788 73.251 3.5362 0.35467 40.007
AuAg 50:50 9.0218 0.16713 2.2838 3.0209 2.7976 0.18833 22.996 3.3400 0.68309 57.540
Ag 8.5546 0.022427 1.7381 4.0575 3.9260 0.017723 51.217 4.1655 0.18819 30.770
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Figure 6. Evolution of the plasma broadening and the broadening factors
of the critical points for different alloy compositions. The maximum of the
plasma broadening factor is close to the 50:50 alloy.

composition different from that of the alloy thin films used
to fit the model.

The particles are spherical and their mean size was deter-
mined to be around 5 nm by TEM. At these sizes, the position
of the extinction peak is size-independent; however, the mean
free path of conduction electrons is affected by the size of the
nanoparticles, which affects the dielectric function. Because we
measured and modelled the dielectric function of bulk alloys,
a size-dependent correction must be applied to obtain a dielec-
tric function representative of nanoparticles. In this case, the
modification of the mean free path affects I, see Kreibig et al.
for details:[2°)

hv F

I5(R) = Tppuc + &= (11)
where Ty is the value obtained in our fit; vg is the Fermi
speed of the free electrons, equal to 1.4x10° m s! for Au, Ag,
and their alloys;??”] R is the radius of the nanoparticle; and ais a
parameter whose value depends on the theory used for calcula-
tion, but which is close to 1. We used o =1 in this case, with
good results.

Figure 7 shows the comparison between the extinction
spectra calculated by Mie theory using dielectric functions
obtained with our model (including size correction to the
dielectric function) and the measured extinction spectra for
experimental nanoparticles, as a function of composition. For
the calculations, the nanoparticles are assumed to be spherical
(a requirement for Mie theory) with a mean size of 5 nm and
a log-normal size distribution with a coefficient of variation of
20%. The insets show the positions of the maxima of the extinc-
tion peaks as well as their half width at half maxima (HWHM)
(which is defined as the difference between the wavelength at
the peak maximum and the wavelength at which its value has
dropped to half of the maximum). We see a very good agree-
ment in the general shape and width of the extinction peaks.
The positions of the modelled peaks are within 5% of their
experimental equivalent. The model does predict an almost
linear shift of the plasmon peak position with composition,
which is coherent with most studies of experimental alloy

Adv. Optical Mater. 2014, 2, 176-182
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Figure 7. a) Measured and b) calculated extinction spectra for AuAg
alloys showing excellent agreement between model and experiment, c,d)
show the agreement between the plasmon peak position and the peak
width respectively.
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nanoparticles.’>?29 The most obvious difference between
the experimental and calculated peaks is for pure Ag where
the model predicts a higher peak. This may be due to the sur-
face roughness and oxidation of the particles. Such effects are
expected to dampen the plasmon peak.3%31]

6. Conclusion

We have developed an analytic model to predict the complex
dielectric function of Au-Ag alloys with arbitrary composition
in the UV-vis—NIR range. The model was developed based on
critical point analysis of the band structure of Au and Ag. A
total of 30 parameters completely define the frequency and
composition-dependent dielectric function. This model closely
reproduces the dielectric function for alloy thin films meas-
ured by ellipsometry and accurately predicts optical proper-
ties of alloy nanoparticles. This capability is invaluable for
quickly and accurately modelling the optical properties of alloy
nanostructures.

7. Experimental Details

Alloy thin films were produced by co-evaporation of Au and Ag on
a 1 mm thick borosilicate glass substrate. The thin film thickness is
80 nm for each sample. The sample compositions are Auygg, AugAgs3,
AusoAgso, AussAge;, and Agpo respectively. Thin film compositions
were characterized by XPS in survey mode using a VG ESCALAB 3
Mark Il with a magnesium K-alpha X-ray source and a resolution of
1 eV. Dielectric functions were measured by ellipsometry using a J.A.
Woollam co., VASE ellipsometer. The ellipsometric measurements were
done in two steps. First, transmission through the thin film and glass
substrate at normal incidence was measured from 270 to 1200 nm.
Second, polarimetric reflection was measured at 3 angles (55, 65, and
75 degrees) on the same wavelength range. By modelling a thin film on
a thick borosilicate glass substrate, the dielectric function of the thin film
can be computed from these two measurements. The optical properties
of the borosilicate glass substrate were taken from the database of the
ellipsometer software. It is important to note that the film thickness was
left as a fittable parameter in the computation and was determined to be
80 £ 4 nm for all samples.

Supporting Information

Supporting Information is available from the Wiley Online Library or
from the author. It includes a MatLAB script function that generates the
dielectric function of the Au-Ag alloy, based on this model.
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