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Abstract: Using nonlinear scattering theory, we simulate nonlinear signal generation in
2-dimensional zero-index metamaterials based on a photonic Dirac cone at the G point. We ob-
serve unique phase-matching in multiple simultaneous directions as the index approaches zero.

OCIS codes: (160.3918) Metamaterials; (190.4223) Nonlinear wave mixing.

1. Introduction

Dirac cones at the center of the Brillouin zone have been used to achieve a metamaterial with a refractive index
of zero [1, 2, 3]. Previously, simultaneous bi-directional phase-matching behaviour has been demonstrated using an
anisotropic zero-index metamaterial (ZIM) [4]. Here, we use nonlinear scattering theory [5,6] to simulate an isotropic
on-chip ZIM based on photonic Dirac cones and demonstrate simultaneous phase-matching in all directions.

2. Photonic Dirac-cone-based ZIM

We investigate two platforms: a 2D square array of silicon pillars in air (pitch = 845 nm, radius = 171 nm) and a 2D
square array of airholes in a silicon bulk (pitch = 583 nm, radius = 182 nm). These metamaterials are designed to
exhibit a Dirac cone at the center of their respective Brillouin zones (Fig. 1), indicating an effective refractive index of
zero.
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Fig. 1. The band structures for 2D square arrays of rods (left) and airholes (right) are designed to
exhibit Dirac cones at the center of the Brillouin zone.

3. Nonlinear scattering theory

Using nonlinear scattering theory, we calculate the relative intensity of the nonlinear signal generated within a medium

using INL µ
���c(3) ´ ~E ·~PNL dV

���
2

[5]. We verify this method by simulating degenerate four-wave mixing (FWM) within
bulk materials with dispersionless refractive indices of n = 2, 1, 0.5, and 0.01 (Fig. 2). As expected, the coherence
lengths for these interactions are infinite for light that is generated in the forward-propagating direction, regardless of
the material index. On the other hand, the coherence length increases in the backward-propagating direction as the
index decreases, in good agreement with the predicted value of Lcoh = pc/2wn ⇡ 400nm/n.
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Fig. 2. Nonlinear signals computed using the nonlinear scattering method for dispersionless bulk
media, exhibiting different backward-phase-matching behavior as a function of index.

4. Phase-matching in Dirac-cone-based ZIMs

Using the method outlined in Section 3, we calculate the nonlinear signal generated in both the rod-based and airhole-
based ZIMs as a function of propagation length (Fig. 3a-b). We normalize the intensities to the peak intensity measured.
The generated intensities all grow quadratically in all propagation directions, indicating perfect phase-matching. This
result qualitatively resembles the n = 0.01 case in Fig. 2. We also observe phase-matching behavior when increasing
the size of the ZIM laterally, orthogonally to the direction of the input pump (Fig. 3c).
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Fig. 3. Nonlinear signals computed for (a) rod-based and (b) airhole-based ZIMs as a function of
propagation length. The nonlinear signal also grows quadratically as the device increases in the
lateral direction (c).

5. Conclusion

We have used nonlinear scattering theory in Dirac-cone-based ZIMs to demonstrate the simultaneously phase-matched
generation of nonlinear signal in multiple directions, consistent with a refractive index of zero. This phase-matched
signal generation is independent of shape, ZIM size, and excitation direction.
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